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Abstract 

We study the moduli space of self-dual instantons on CP 2 . These are described by an ADHM-like 
construction which allows to compute the Hilbert series of the moduli space. The latter has been 
found to be blind to certain compact directions. In this paper we probe these, finding them to 
correspond to a Grassnranian, upon considering appropriate ungaugings. Moreover, the ADHM- 
like construction can be embedded into a 3d gauge theory with a known gravity dual. Using 
this, we realize in AdS^/CFT^ (part of) the instanton moduli space providing at the same time 
further evidence supporting the AdS^/CFT^ duality. Moreover, upon orbifolding, we provide the 
ADHM-like construction of instantons on CP 2 /Z„ as well as compute its Hilbert series. As in the 
unorbifolded case, these turn out to coincide with those for instantons on C 2 /Z n . 
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1 Introduction 

It is well-known that instantons are very important configurations in gauge theory. For example, 
the partition function of gauge theories contains contributions from saddle points of all instanton 
numbers. This can be made fully precise in the case of supersymmetric gauge theories with eight 
supercharges, when the supersymmetric partition function can be computed exactly thanks to 
localization (see [lj for a seminal contribution). One can then explicitly see that, in addition to 
purely perturbative saddle points, the partition function localizes on instantonic configurations, 
whose contribution one has to sum. On general grounds, such contributions are the one-loop de¬ 
terminants around each instanton saddle point, which can be computed by the so-called Nekrasov 
instanton partition function. In turn, in the case of pure gauge theories, the latter coincides with 
the Hilbert series of the instanton moduli space (see e.g. mm)- Therefore, the construction of 
instanton moduli spaces, as well as the computation of their associated Hilbert series, is of the 
greatest importance (of course, the reasons alluded before are just a very limited subset of those 
making of the instanton moduli space a very interesting object). 

In the case of instantons on C 2 -or its conformal compactification S' 4 - the problem of con¬ 
structing instantons of pure gauge theorie^] with gauge group A , B , C , D was solved long ago 
by the ADHM construction |4j. Moreover, it turns out that the ADHM construction has a natu¬ 
ral embedding into string theory as it arises as the Higgs branch of the Dp-Dp+4 brane system 
umm®. In this paper we will be interested on the parallel story but for the case of CP 2 . As 
opposed to S 4 , CP 2 is a Kahler manifold. This naturally induces a preferred orientation which 
distinguishes self-dual (SD) from anti-self-dual (ASD) 2-forms. As a result, the construction of 
gauge connections with ASD and SD curvatures is intrinsically different. In this paper we will con¬ 
centrate on SD connections on CP 2 . In the mathematical literature an ADHM-like construction 
for such gauge bundles has been developed long ago PHnunununi- Very recently, it has been 
shown that such construction can be embedded into a gauge field theory which, moreover, admits 

3 We will concentrate on instantons in pure gauge theories with 8 supercharges throughout all the paper. 
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a string/M theory interpretation [14]. Surprisingly, the gauge theories engineering the ADHM 
construction for instantons on CP 2 are 3d gauge theories with Af = 2 supersymmetry -that is, 4 
supercharges-. Nevertheless, as shown in m (see also mm, and M for a discussion in the 
physics context), the Hilbert series and other properties do indeed satisfy properties compatible 
with the expected hyperKahler condition of the moduli space. 

In this paper we study several aspects of these moduli spaces for SD instantons on CP 2 . As we 
briefly review, these are relevant in the computation of the partition function of the twisted gauge 
theory on CP 2 . The corresponding Hilbert series were computed in nn, where it was shown 
that they coincide with the Hilbert series of a “parent” instanton on C 2 . Nevertheless, being 
CP 2 a topologically non-trivial space, it is natural to expect that our instantons are described 
by extra topological data. Indeed, the dimension of the moduli space seen by the Hilbert series 
is smaller than the dimension of the actual moduli space. In this paper we explore the “extra 
directions”, associated to these extra topological data. With hindsight, the Hilbert series misses 
these directions as they correspond to a non-compact geometry. Indeed, in the case of unitary 
instantons, the theory describing these directions is a 3d version of the theory in m whose moduli 
space is a (compact) Grassmanian manifold. Upon appropriately ungauging U{ 1) groups we turn 
them into non-compact by considering the complex cone over the compact base. In this modified 
scenario the Hilbert series probes the extra directions finding agreement with the expectations. 

The gauge theory containing the ADHM construction of unitary instantons admits a large N 
limit where it is dual to an AdS± geometry. It is then natural to study the instanton moduli 
space in the gravity dual. This provides an interesting cross-check of our results as well as more 
non-trivial evidence of the proposed AdS^/CFT^ dualities. 

The ADHM construction for instantons on a given space can be used to find the corresponding 
construction on related spaces obtained by orbifold projections. In this manner, we find the ADHM 
construction, as well as the Hilbert series, for moduli spaces of instantons on CP 2 /Z n . 

The structure of this paper is as follows: in section [2] we briefly review the relevance of SD 
instantons on CP 2 in the computation of the partition function for the topologically twisted gauge 
theory. In particular, we show how SD instantons on CP 2 arise as the minima of the localization 
action, as well as (very briefly) review some relevant aspects of the ADHM construction in the 
mathematical literature. In section[3]we study unitary instantons on CP 2 , considering in particular 
the resolution of the extra directions upon ungauging U( l)’s as well as the AdS/CFT description 
of (part of) the instanton moduli space. In section [4] we consider the construction of unitary 
instantons on the orbifold space. In section [5] we turn to the symplectic case, finding the ADHM 
construction of their moduli space on CP 2 /Z n . In section [b] we turn to orthogonal instantons, 
analyzing, very much like in the unitary case, the compact extra directions associated to the non¬ 
trivial topology. Moreover, we provide the construction of orthogonal instantons on the orbifolded 
space. We provide a short summary of the highlights as well as some conclusions in section [7] 
Finally, we describe some exotic cases as well as compile some figures (relegated to the appendix 
in order not to clutter the text) in the appendices. 

2 Self-dual instanton contributions to supersymmetric gauge 
theory on CP 2 

We are interested on pure gauge theories on CP 2 . Hence our first task would be the construction 
of the supersymmetric lagrangian for the theory on the curved manifold. To that matter we 
follow the approach in [19] , which amounts to consider the combined system of supergravity plus 
the gauge theory of interest. Then, a rigid limit freezes the gravitational dynamics so that we 
are automatically left with the supersymmetric gauge theory on the curved space. Since we are 
interested on Af = 2 gauge theories, we will use conformal supergravity as in [201 . 

Recently, the partition function of supersymmetric gauge theories on CP 2 was considered in 
m- However, in this paper we will be interested on a different version of the gauge theory. 
Recall that, in order to find the supersymmetric theory, we need to solve the gravitino variation 
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as well as the auxiliary condition in 20] ■ These provide both the background fields as well 
as the Killing spinors for the gauge theory on the curved space. A natural solution to these 
equations is the topological twist [25], On general grounds, this amounts to redefining the Lorentz 
group -generically locally 50(4) ~ 5£/(2)i e ft x SU( 2) r i g ht~ by twisting either 5[/(2)i e f tir i g ht with 
SU(2)r. Nevertheless, as described in e.g. [ 23 ], since for Kahler manifolds the holonomy is really 
517(2) right ^ C/ ( 1 ) left, a second version exists whereby one twists the (J ( 1) i<.ft by the Oartan of 
the SU(2)r (note that in this case one chirality is privileged over the other by the orientation 
naturally induced by the Kahler form). While in [2Tj this later choice was considered, in this 
paper we will focus on the former version of the topological twist, which can be performed both 
for positive and negative chiralities of the background Killing spinors. 

Setting, to begin with, all supergravity fields other than metric and SU(2)r gauge field to 
zero, the equations defining the supersymmetric backgrounds are defined by the conformal Killing 
spinor equation |20j (we refer to this reference for details) 


V f l 


\ in #4 = °. 


(i) 


where the covariant derivative acting on the background Killing spinors is 


^u4 - + (AJ} 4 i ( 2 ) 

while A m is the SU(2)r gauge field and V M is the covariant derivative acting on spinors including 
the spin connection. Moreover the metric of the CP 2 is 

. 2 

dscps = dp 2 + Sln ^ j4$ 2 +sin 2 0d(j) 2 +cos 2 p (dil’+cosOdcj )) 2 ^, p € [0, —], if) e [0, 4 7r], 6 e [0, 7r], (j) e [0, 2 7r] . 

4 ~ " ( 3 ) 

With hindsight, in this paper we will be interested on keeping the positive chirality spinors. 
Choosing then 


(-A^)j “ . VlabU^ab )j 


( 4 ) 


where r]i a b is the ’t Hooft symbol and the a 1 are the Pauli matrices, we have that the spin 
connection part in the covariant derivative is cancelled, so that the Killing spinors are simpljj^] 


el = 


1 i a ' 


/ o \ 

0 

2 

ia 

0 

> e + = 
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l 0 J 


l 0 j 


a e 


( 5 ) 


Furthermore, one can check that the remaining supergravity equation is solved upon appropriately 
tuning the supergravity scalar [22]. 

Following m, negative chirality spinors could be included choosing a Killing vector v of CP 2 
as el = upon turning on T~ = 2dv\-. Let us stick however to the topological case. Then, 
since the theory is invariant under the supersymmetry generated by the above e+, we could add 
to the action the Q-invariant term -t f 5V, being 5V = |5f2+| 2 + |(5fT| 2 . The standard argument 
suggest then that the action is f-invariant. A straightforward calculation gives (we set (e+)'e+ = 1) 


<5V=^(F4 2 + |^| 2 + i|Y\| 2 + |[<A, ^]| 2 


( 6 ) 


where we have imposed the reality condition Y l j = (Y :l j)* [21]. Since eq.([6|) is strictly positive, in 
the classical limit t -*■ oo the theory localizes on configurations such that the scalar in the vector 
multiplet is constant and lies along the Cartan of the gauge group while F + = 0. Note that, had 
we chosen to keep negative chirality spinors, we would have obtained F~ = 0. Being more explicit, 
the condition F + = 0 is, in the conventions of [20] . equivalent tc0 

4 We choose a chiral representation for the Dirac algebra, so that = diag(l, -1). 

5 Here (*F) ab = ± e abcd F cd . 
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F=*F, 


(7) 


F + = i(F-*F) = 0 

that is, F must be self-dual (SD). Since, for the standard orientation of the CP 2 , the Kahler form 
is also self-dual, we have that the relevant gauge configurations in this case are instantons of the 
same duality type of the Kahler form. This is precisely the type of instantons described in El 
using the King and Bryan-Sanders constructions in [HE elaborating on HP- 


2.1 The construction of self-dual instantons on CP 2 

While we are interested on constructing self-dual instantons on CP 2 , it is however more convenient 
to regard them, upon orientation reversal of the base manifold, as anti-self dual (ASD) instantons 
on CP (the opposite-oriented CP 2 ). Then, we can directly borrow the construction of their 
moduli spaces from King |T21 j and Bryan-Sanders [1'3| . Let us give a lightning overview of the 
relevant ingredients of the construction and defer to iiiniiij for the detailed account 
(see also [14] for more references). 

On very general grounds, there is a correspondence between the moduli space of instantons 
on projective algebraic surfaces and the moduli space of (stable) holomorphic bundles which goes 
under the name of Hitchin-Kobayashi correspondence. In this context, the ADHM construction 
can be regarded as a device to construct holomorphic bundles over the appropriate manifold. 

An alternative version of the Hitchin-Kobayashi correspondence, more useful for our purposes, 
was proven by Donaldson by using the so-called Ward correspondence, which associates an anti- 
self-dual (ASD) connection -that is, a connection whose curvature is ASD- on a (not complex) 
manifold X to a holomorphic bundle on an related manifold Ah 0 i 0 - Roughly speaking, one regards 
X as a conformal compactification of some underlying complex manifold X cp i x . Since both the 
Yang-Mills equations and the self-duality constraints are conformally invariant, solutions with 
definite duality properties (say ASD) on A' cp i x can be naturally extended into solutions on X. 
Note that, in doing this, the behaviour of the gauge field at the added point must be specified, 
that is, a framing must be chosen. In particular, we choose a trivial framing, where the gauge 
transformations become the identity at infinity. 

On the other hand, it is well-known that connections with an ASD curvature on a complex 
manifold A cp i x are in one-to-one correspondence with holomorphic bundles on A cp i x |^] Since the 
moduli space of the latter is a rather sick notion, being -Y cp i x a non-compact space, we can 
considering a holomorphic compactification of A cp i x into A^oio whereby we add the complex line 
at infinity and demand the holomorphic bundle to be trivial over there. Hence, all in all, the 
problem of constructing trivially framed ASD connections on X is mapped to the construction of 
holomorphic bundles over Ahoio trivial over 1^. The ADHM construction is precisely the device 
constructing such bundles. 

In the case at hand we consider A cplx = C 2 , the blow-up of C 2 at a point defined as 

C 2 = {(aq, x 2 ) x [zi, z 2 ] e C 2 x CP 1 /xi z i = x 2 z 2 } . (8) 

Then, on one hand we can find a conformal compactification of -A cp i x = C“ into X = CP -the 
opposite-oriented CP 2 - as follows 


C 2 -► CP 2 : ((aq, x 2 ) x [z u z 2 fj 


[\x\ 2 , X\, x 2 \, 
[0, z lt z 2 ] . 


(9) 


Note that C P 2 


is not really a complex manifold, as the orientation does not follow from the Kahler 


form. 


6 Roughly speaking, this is due to the fact that the ASD condition on a connection A is equivalent to the 
integrability condition 8^ A = 0 of 8a = 8 + A, hence defining a holomorphic bundle on A cp i x through the Newlander- 
Nirenberg theorem. See ei cni nu na [12 ana cu for more references. 
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On the other hand, we can find a holomorphic compactification by adding too which compact- 

ifies C 2 into Xh 0 i 0 = CP 2 blown up at a point, that is, Hirzebruch’s first surface F-|. Hence we 

have that framed ASD connections over CP 2 are in one-to-one correspondence with holomorphic 

bundles over F 1 which are trivial over too- Since upon orientation reversal, ASD connections on 
-2 „ 

CP become SD connections on CP , it follows that the desired moduli spaces are in correspon¬ 
dence with holomorphic bundles over Fi. Then, the ADHM construction is precisely the device 
to construct such bundles. 

While here we will not dive into more details, an instrumental notion in arriving to the actual 
ADHM construction, from this point of view, is the associated twistor space, which takes into ac¬ 
count the sphere bundle of compatible complex structures over A^oio- Instead of delving into more 
intricacies, here we will describe the ADHM-like description of instantons for unitary, orthogonal 
and symplectic gauge groups embedded in a gauge theory as in ta and refere to EHnaunnmaa 
for the details of their construction along the fines outlined here. 

On word of caution is in order. Even though in the following we will loosely refere to instantons 

on CP 2 , the previous description of the precise construction should be borne in mind -that is, we 

„ - 2 

are describing SD instantons on CP or equivalently ASD instantons on CP -. 


3 U(N ) instantons on CP 2 

As described in ;I3|, the King construction [12] for unitary instantons on CP 2 can be embedded 
into a 3d quiver gauge theory. The theory in question is a 3d Af = 2 gauge theory whose quiver is 
in the left panel of fig(T[ supplemented with the superpotential 

W = Tr[A 1 B 1 A 2 B 2 - A 1 B 2 A 2 B 1 + qA 1 Q] . (10) 





Figure 1: Quiver diagram for SU(N ) instantons on CP 2 (on the left) and for SU(N ) instantons 
on C 2 (on the right). 

Note that the chiral nature of the theory demands, because of the parity anomaly, the gauge 
nodes to have a non-vanishing Chern-Simons level ^ and - y + k# respectively, where , k^ 
are integers including zero. In the following we will concentrate on the case k^ = k/j = 0. 

As a 3d gauge theory, it has been argued [231, |2S] that the theory flows to an IR fixed point, 
where the charges of the fields are listed in table [Tj For the paticular case N = 1, as argued in 
125 ) . the mesonic moduli space (excluding “Higgs-like” directions where fundamental fields take a 
VEV) of the theory is the direct product of a conifold times the complex line. In general, as N is 
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Fields 

U(k L ) 

U(k R ) 

U(N) 

SU{ 2) 

U(1)r 

A 1 

[1.0 

-,0] + i 

[0,... 

,0,1]1 

[0] 

[0] 

1/2 

A 2 

[1.0 

-,0] +1 

[0,... 

,0,1]1 

[0] 

[0] 

1/2 

B\B 2 

[0,.. 


[1,0, 

-, 0] +1 

[0] 

[1] 

1/4 

1 


[0] 

[1,0, 

...,0] + i 

[o . 0, 1]! 

[0] 

l-l/4r 

Q 

[0,.. 


[0] 

[1,0,...,0] +1 

[0] 

l/4r 

F- term 

[0,.. 

.0,1]-! 

[1,0, 

— ,0]+i 

[0] 

[0] 

1 


Table 1: Transformations of the fields for the CP 2 quiver gauge theory. Here r is an unknown real 
parameter whose value, nevertheless, does not affect subsequent results. 


increased, this geometric branch of the moduli space becomes an increasingly more involved toric 
manifold (see [25]). 

The instanton moduli space of interest is that of G = U(N ) instantons on CP 2 , denoted as 
M^ p2 . It arises as a Higgs-like branch of the full moduli space of the gauge theory dubbed as 
instanton branch where fundamental fields take a VEV. Note that the instanton gauge group 
appears as the flavor symmetry of the ADHM construction. Note as well that, in order to specify 
the instanton, in general a set of numbers / including the instanton number is required. We will 
come back to this issue below. 

More precisely, as described in HU. the instanton branch of the moduli space arises when we 
set A 1 (as well as all monopole operators, typically denoted by T, T) to zero. It is important to 
note that the truncation A 1 = T = T = 0 is consistent with the quantum constraint on the moduli 
space introduced in [ 251 . Then, the only relevant F-terrn arises from the superpotential and reads 

d A i W = B 1 A 2 B 2 -B 2 A 2 B 1 +qQ. (11) 

Together with the field content and gauge groups of the 3d gauge theory, this constraint precisely 
realizes the King construction. Note that, even though the flavor symmetry is U(N), the [/(l) 
part is really gauged. Hence we can think of our instantons as instantons of SU ( N ) (even though, 
as we will review below, we should really think of SU(N)/Zn)- 

In the following we will be interested on the Hilbert series of the instanton moduli space. The 
ADHM construction just introduced (and the corresponding orthogonal and symplectic versions in 
addition to their orbifoldings to be described below) allows to compute it using by now standard 
methods as in e.g. (see also [25] for the study of instantons on C 2 /Z n ). Let 

us pause to make a point on notation. Through all the paper we will denote the Hilbert series 
H of the instantons moduli space as H[I,G,M ], being I the integers characterizing instanton, 
which appears as the date of gauge group of the ADHM construction; G those characterizing the 
instanton gauge group appearing as flavour group in the ADHM construction and M the ambient 
manifold of the instanton. 

As anticipated, in order to specify a particular G instanton on CP 2 a set of quantum numbers 
I is required. It is clear that one such integer is the instanton number. However, since CP 2 is a 
topologically non-trivial manifold, it is natural to expect that instantons on CP 2 might carry extra 
quantum numbers. Indeed, as reviewed in mi following [15] . we can characterize the instanton 
by its first Chern number c and its instanton number k. Using the correspondence between ASD 
connections on X and holomorphic bundles on X'hoio, these can be written as 

(ci(E), [C]) = -c, (c 2 (E) - ^ Cl (F) 2 , [F,]) = k , (12) 

being [C] the CP 1 class inside Fj -recall that in this case A' = CP 2 and 0 ; 0 = Fj . These, in 
turn, are related to the quiver data k R , k R as follows 

c = k R -k L , k= ^(k L + k R )- ^(k L -k R ) 2 . (13) 
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As an algebraic variety, can be mapped into the moduli space of a related instanton 

on C 2 -described by the Higgs branch of the theory on the right panel of figjT]- in the following 
way 

7T :(A 2 ,B 1 ,B 2 ,Q,q)^(X 1 = A 2 B 1 ,X 2 = A 2 B 2 ,I = A 2 q,J = Q), (14) 

being A 1 , A 2 , J, J the fields of the quiver diagram for C 2 theory. Indeed, if we multiply the F-term 
relation (111 by A 2 and we apply the map (141 we recover the F-term for SU(N) instantons on 
C 2 

[A 1 , A 2 ] + /• J = 0 . (15) 

In turn, the inverse map a can also be defined as 


a : (A 1 , A 2 , J, J) - (A 2 = 1 kxk^B 1 = A 1 , B 2 = X 2 ,q = I,Q = J). 


(16) 


Let us momentarily consider the case where Jcl = k R . which corresponds to c = 0 and k = 
. From the construction in eq. (14), it is clear that the integer K in the quiver on the right 


panel of hg[l]is identified with A :r. Thus, we have that as an algebraic variety, the moduli space 
of kL SU(N ) instantons on CP 2 is identified with the moduli space of ftz, SU(N ) instantons 
on C 2 . Consistently, the Hilbert series of these instantons coincide, from which it follows that 
dimcM^P 0 = 2 Nk L . 

In the general case Aq, + kf j, one finds that the above construction still holds upon setting 
K = min(A’i,A;zz). Consistently, as described in .13], the Hilbert series corresponding to the 
instanton branch of the quiver on the left panel in figjT] coincides with the Hilbert series of the 
Higgs branch of the quiver on the right panel of figjT] that is 


H[(k L ,k R ),SU(N),CP 2 ](t,x,y) = H[mm(k L ,k R ),SU(N),C 2 ](t 3 ,x,y ), 


(17) 


where t is the fugacity of the R-charge, x the fugacity associated with the SU{ 2) global symmetry 
and y are the fugacities associated with the U(N ) global symmetry. Note that the fugacity 
associated to P-charge is re-scaled from t in the CP 2 case into t 3 in the C 2 case. 


Naively, eq. (17) suggests that the dimension of the moduli space of unitary instantons on CP 2 


is 


dimcMpp 2 (Ar) = 2 Amin(fc L , k R ) . 


(18) 


Note that, even though the quiver is specified by three integers N, kL, k R , eq.(18) is only sensitive 
to two of them. However, it is possible to consider an extended notion of the moduli space where 


the extra directions associated to all the three quantum numbers specifying the instanton are 
taken into account. This is the so-called resolved (as the extra directions are discerned) moduli 
space, denoted as M^^ N \ whose dimension is mmm 


dim C M^ N) = 2 k N = dim C M^ N) +c(N-c). (19) 

Note that for c = 0, N the dimension of M : ^p 2 N ' > is equal to the dimension of This 

suggests that c is really a modulo N quantity corresponding to an instanton gauge group which 
is really SU(N)/ Z^r- We warn the reader that, while in the following we will not clutter notation 
by supresing the T,n, the global properties of the gauge group must be kept on mind. 


3.1 The resolved moduli space and the Grassmanian 

In order to explore the resolved moduli space it is instructive to first consider the simplest case 
where k R = 0. The theory simplifies into a one-noded quiver flavored only with fundamental fields 
(and not antifundamentals) shown in fig|2] Recall that the CS level is adjusted so as to cancel the 
parity anomaly, and, furthermore, there is no superpotential. 

The leftover theory in this particular case corresponds to a 3 d version of the theory considered 
in uni- Then, as argued in that reference, the moduli space is a complex Grassmanian (compact) 
manifold, consistently with the expectations in nangng. 
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Figure 2: Quiver diagrams for Grassmanian (we show the dual pair -see text-). 


We can now understand why ^ is insensitive to these extra directions, as, forming a 

compact Grassmanian manifold, the Hilbert series is blind to them. Indeed, since in the theory 
in figj2] the gauge group is U(k R ), the Higgs-like moduli space is empty, as no gauge-invariant 
can be constructed out of fundamental fields. Consistently, formula (181 gives a zero-dimensional 
moduli space. However, as in [501 . we can consider a version of the theory where only the non- 
abelian SU(k R ) part of U(k R ) is gauged, while the U{ 1) is kept as a global baryonic symmetry 
(alternatively, we could think of this as the master space [3T of the U(k R ) theory). In this case 
we can form baryon-like gauge-invariant operators, thus finding a non-empty moduli space which 
in fact is a complex cone over the Grassmanian. It is straightforward to compute the Hilbert series 
and read-off the dimension of the moduli space from the pole at t = 1, finding 

dim C M^p 2 (Ar) | G rassmanian = k R (N - k R ) + 1 . (20) 

Recalling that the +1 is due to the 1/(1) over which we are not integrating over -resulting in 
moduli space which is a complex cone over the Grassmanian-, we find a result in accordance with 


eq. (19). 


Eq.(20) is invariant under the exchange k R <-*• N - k R . Indeed, one can explicitly check that 


the Hilbert series of the theories with SU{k R ) gauge group and SU(N - k R ) are identical, thus 
suggesting a duality among these theories. Such duality is also suggested by the brane construction 
in [IS]. In that reference, in a IIA system consisting on an NS brane and a NS'-N D4 branes 
intersection, k R D2 branes are stretched along x 6 direction between the NS and the NS'-DA 
intersection. Then, the N D4’s can be broken on the NS' and, say, the lower part of them can be 
sent to infinity. As argued in [IS] , the gauge theory on the D2’s is precisely the 2d version of the 
gauge theory in the first panel in fig{2] Upon T-duality along x 2 , this system engineers the actual 
3d gauge theory of interest, namely that in the first panel of fig (2] Explicitly, the system contains 

• An NS brane along 012345. 

• A braneweb with an NS' brane along 012389 meeting N D5 branes along 012378 and ema¬ 
nating a (1, N) fivebrane. 

• k R D3 branes along 0126, starting at the braneweb junction and ending on the NS. 

Note that the NS'-DA intersection in the IIA system becomes a braneweb in the IIB system, as 
D5-branes meeting an NS' give rise to a (1, N) fivebrane. In fact, it is precisely this bending 
what gives the expected CS level in the 3d gauge theory [321 S3] ■ In this it is important to recall 
that the D3’s meet the fivebranes right at the junction, as this is what makes the 3d theory to 
contain only fundamental (and not antifundamental) matter [18] which in turn generates the y 
CS level. 

We can now imagine crossing the NS to the other side. Then, due to the Hanany-Witten 
effect, the final configuration contains N - k R D3 branes but is otherwise identical, consistently 
with our finding that the two theories in fig|2] yield to the same Hilbert series (for a more detailed 
account of the duality in the 2d case we refere to [IS]). 
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Coming back to the general discussion, in view of the = 0 case it is natural to guess 
that ungauging the abelian part of the largest gauge symmetry will allow us to resolve the extra 
directions in M. To that matter, let us now consider the case fcz, = 1. Writing the remaining 
U{k R ) gauge group as t/(l) x SU(k R ), we can compute the Hilbert series upon integration only 
over the non-abelian SU(k R ) part. Reading the dimension of the moduli space from the order of 
the pole at t = 1, from explicit computations for At, = 1 and k R = 2, 3 and N = 1,2, 3, we find 


dim c M^ 2 (Ar) = 2 k L N + c(N - c) + 1. 


( 21 ) 


which is precisely the expected result (19). Unfortunately, explicitly checking higher rank cases 
is technically challenging. Nevertheless, it would be very interesting to perform further checks for 
higher ranks. 


3.2 Rank one and AdS/CFT 

In the particular case of k R = k Rl upon setting N = 1 and for = k# = 0, the theory engineering 
the moduli space of unitary instantons on CP 2 becomes exactly that found in (25] to describe M2 
branes probing C x C, the direct product of a conifold times the complex line. The metric of the 
cone can be written as 


ds 2 cone = dp 2 + p 2 dsg , ( 22 ) 

ds B = da 2 + sin 2 ad y 2 + C ° S a (dip+Y^ cos^d^i J + ^ cos a ( d0 2 + sin 2 Oidcp 2 ) . (23) 

9 V i=l / i =l 6 

Then, on general grounds, the near-brane geometry for a stack of k R M2 branes probing this cone 
is AdSi x B, which, in global coordinates, can be written as 

ds 2 = -[\+ 7 —^dt 2 + ^ dr r2 ^ + r 2 (sin 2 Odd 2 + dcp 2 ) + AL 2 ds 2 B , (24) 

being L the radius of the AdS^ space. Besides, there is a 6 -form flux whose field strength integrates 
to k L on B. Hence, in the large k L {=k R ) limit, the gauge theory is holographically dual to AdS^xB 
with fci units of flux through B. It is thus natural to wonder whether, at least partially, the moduli 
space of unitary instantons on CP 2 can be geometrically realized in this context. 

As discussed in |25) . the gauge theory contains a mesonic branch of the moduli space which 
realizes the dual geometry. In general, it is natural to expect that the holographic dual captures 
gauge theory operators made out of bifundamental fields, while those corresponding to fundamental 
matter would require extra multiplets on top of the AdS 4 x B to account for the “flavor brane open 
string” degrees of freedom. Hence, it is natural to expect that the subbranch of the instanton 
branch involving just {A 2 , B 1 } fields is visible in the geometry. This is indeed analogous to the 
cases discussed in (281 [34], where only the “closed string fields” in the quiver are captured by the 
gravity dual. 

More explicitly, following [28] Hi], it is natural to expect that this subbranch of the instanton 
branch is captured by dual giant graviton branes moving in the appropriate subspace corresponding 
to the instanton branch. To that matter, we consider a probe M2 brane wrapping (t, H 2 ), where 
H 2 is the sphere inside the AdS^. Moreover we assume that ip = ip(t) and <j >2 = while 

7 , a, 9i, (j>i, 62 = constant. (25) 

The action for such probe brane is 

S=-T 2 f V=9 + T 2 f P[A (3) ], (26) 

which becomes 
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_ m -r r , •> l ( r2 \ 4P 2 cos 2 a , ■ . . „ • . .>2 4 P 2 cos 2 a sin 2 0 2 ; , . „ r 3 \ 

S = -T 2 V 2 J dtr \\j\ l + J 2 ) --- (ip(t) + cos 0 2 (j> 2 (t)) --- hit) 2 - — I • 

It is easy to convince oneself that the equations of motion fix a = 0 (for simplicity, from now on 
we set a = 0). Then, Legendre transforming to the Hamiltonian H = H(9 2 ,r,P l i, : Pj >2 ) we obtain 


1 I r 2 + L 2 3(5-cos20 2 )P 2 -24cos0 2 P^P 02 + 2(6P | 2 + 4P 2 rW0 2 Tfy 2 2 ) y 2 T 2 r 3 
' 2 L\ L 2 \| 2 sin 2 6» 2 

The minimum energy configurations are 


for which 


cos d 2 = 


p <t> 2 

Pi, ’ 


(27) 


r = 0 or 


3 Pi 

2L 2 T 2 V 2 ' 


(28) 


Both conhgurations are degenerated in energy, one corresponding to pointlike gravitons and the 
other to true dual giant gravitons. The energy is 


H = 


3 P 




2 L 


(29) 


Coming back to the solution in eq. (271, we can parametrize the phase space of the spinning M2 
as a dynamical system by the coordinates Q A = {r, a, tjj, 0 2l (j) 2 } and the conjugated momenta Pa = 
{P r ,P a ,P/,,Pe 2 ,P 0 2 }. Moreover the conjugated momenta Pa must obey the following constraints 


fr = Pr , fa=Pa, fe 2 = p9 2 , /^> = Pi/> ~ 


2L 2 T 2 V 2 r 


= -^2 - 


2L 2 T 2 V 2 r cos 0 2 


As usual, the matrix AZab = {/a,/b}pb encodes the symplectic form associated to the phase space 
of our dynamical system as { Q A , Q b }db = (AZab ) -1 (DB stands for Dirac brackets). Deleting 
the row and column corresponding to the trivial a coordinate, we find 


M 


AB 


0 

-2 LT 2 V 2 
3 

0 

— 2zd cos 9 2 T 2 V 2 


2L z T 2 V 2 

3 

0 

0 


Therefore the symplectic structure reads 


0 

0 

0 

2L 2 r sin 9 2 T 2 V 2 


3 


2 L~T 2 V 2 cos 9 2 
3 

0 

-2L 2 rsinP 2 T 2 V 2 

3 


0 


\ 


/ 


2L 2 T 2 V 2 2L 2 T 2 V 2 cos0 2 2L 2 T 2 V 2 r s\n0 2 

uj = - dr A dip + -ar a a</) 2 -acl 2 a d(p 2 . 


Integrating we obtain 


v = 


2 L 2 T 2 V 2 r 
3 


(dip + cos 0 2 d(j) 2 ) 


to = dv. 


(30) 


Hence, upon introducing p 2 = AL 2 T 2 V 2 r/3 , we just recover the data of C 2 . Following [2511313; 
we can do symplectic quantization of this dynamical system. On general grounds, that amounts 
to identify the holomorphic functions on the phase space in this case C 2 - with the allowed 
wavefunctions. These can easily be counted, simply obtaining the Hilbert series for C 2 . 

Let us now turn to the gauge theory. As discussed, we expect our probe branes to be dual to 
operators on the instanton branch not containing fundamental fields. These are of the schematic 
form 
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O n ,m - (A 2 B 1 ) 71 (A 2 B 2 y 


( 31 ) 


Note that the F-terms imply that the B 1 indices are completely symmetrized; that is, the operators 
O n ,m are in a spin 1 '^+» ! ) representation of the SU{ 2) global symmetry rotating the B l, s. Hence, 
for a fixed R charge R[O n , m ] = | (n + to), the number of operators is (n + to) + 1, and the 
corresponding generating function is just T.’jLoU + 1) x? = (1 - x)~ 2 , which is precisely the C 2 
Hilbert series -here a: is a generic fugacity-. 

We can explicitly compare the gauge theory operators with our probe brane configurations in 
the gravity side. To that matter, let us first note that exactly the same configuration in the gravity 
side would have been obtained fixing 02 - 0 , tt and having our brane orb itin g ip ± <p 1 respectively. 


Hence, in all our formulas we can trade ip for ip = ip±(p\. In particular, eq.(29) becomes H L = | P^. 


In order to compare our probe branes with the gauge theory operators we need to identify 
charges. It is reasonable to guess that the momentum along ip is proportional to the R-symmetry. 
Hence let us identify P. ^ = r, being r (not to be confused with the arbitrary integer in table 
|T]) proportional to the charge R under the U(1) B in way to which we will shortly come back. 
Moreover, in order to understand the P^ 2 momenta, it is instructive to consider momentarily 
removing the quarks from the gauge theory. It then exhibits an SU(2)a*SU(2)b global symmetry, 
rotating respectively the A 1 and B l fields. Then, the quark multiplets break the SU{2)a down 
to a U(1)a: while the SU( 2) rotating the R’s remains as a global symmetry. We identify the 
U(1)a charge, denoted as Qa, with P^ as Qa - Ty • With no loss of generality, let’s assume 
Qa[^ I 2 ] = 51 which corresponds to the choice 8 \ = tt. Then Pp = translates into P^ = t-Qa- 

Analogously, we identify P ^ 2 with the Cartan of the SU(2) B denoted Q B . 

Note that eq.(27) translates into Q B = ( t-Qa ) cos 02 , and therefore Q B 6 [-(t-Qa): ( t-Qa )]■ 
Let us compare this with the gauge theory operators (31). Using table [T] the charges of the 
operators in the expression (31) are PfCU,™] = and As expected, being 

chiral operators, they satisfythe usual relation A = R. Moreover, it is clear that Q B = 
so that Q b e [ - 2 ^Comparing the ranges for Q B in gravity and field theory we find the 
identification 


R = - (r - 
2 


Qa) ■ 


(32) 


Qa), which, upon using eq.(32) 


Turning now to the energy for our branes, we find H L = | (r 
becomes A = R. precisely as expected for chiral operators. 

Moreover, we can explicitly fix the value of r. To that matter, let us turn to the field theory 
operators and consider the highest Q B weight state, which corresponds to to = 0. For this one 
Qa = Qb = f, while R = In turn, from the gravity side, the brane with highest Qb is 

Q B - r - Qa- Since this must correspond to Q B - Qa: we find Qa = 2 r. Hence, this implies 

r = m 

3 • 

We can offer an alternative test of our identifications. To that matter, let us consider metric 
fluctuations polarized along the internal manifold. On general grounds, these fluctuations corre¬ 
spond to operators of the schematic form T O , being T the stress-energy tensor of the theory. 
Note that, for the particular case when the inserted operator O is one of those in eq.(31), we 


expect that the dimension is 3 + A. In turn, these fluctuations satisfy the Klein-Gordon equation 
in AdS/i x B. For a Cl 4 of the form CxC this problem was considered in [35], where it was shown 
that the dimension of the dual operators can be written in terms of the eigenvalues of the scalar 
laplacian on C. In turn, borrowing the results from [36] . the eigenvalues of the scalar laplacian on 
the conifold are 


E C = 6(4 (h + l)+t2(l2+l)- r ~)- 


(33) 


where £ 1,2 are respectively, the SU{2)a x STJ ( 2) B total spin and r the charge along the ip direction. 
For the operators in eq.(31) we have that G = £2 = £• In turn, the charge r must satisfy ^ € (-£, £). 
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Focusing on the highest weight state, we would require r = 2 £, which is nothing but r = 2 Qa as 
seen before. Then, using [55]. 

A = 3 + ^ £. (34) 

This precisely coincides with our expectations upon identifying A = | t. This can be written as 
A = which becomes A = R upon using the identification r = Ap advocated above. 

So far we have considered the case Izl = k R . It is natural to expect that fez, * k R can be 
accommodated into the gravity dual by adding non-vanishing flat B 2 over a 2-cycle in the internal 
manifold m • Nevertheless, such modification of the background would not change our computa¬ 
tion. Hence we would find the same result even for the case k R 7 kf j, in agreement with the field 
theory result where the Hilbert series only depends on min (k R , k R ). 


4 U(N ) instantons on CP 2 /Z n 

A natural generalization of the ADHM construction of instantons on CP 2 is to consider orbifolding 
the ambient manifold upon quotienting by a subgroup of its symmetries. In particular, since CP 2 
is invariant under a U(l)xU(l) action corresponding to the </>, ^ coordinates in eq. (|3j) , it is natural 
to consider quotienting such symmetry by some discrete subgroup of it. Note that the spinors in 
eq- ([ 5 ]) are constant and morever annihilated by e® t? (J 12 -J 3 A . are the Lorentz generators in 

tangent space indices Jij = ^ [Tj, Tj]). Therefore we can consider a Z n orbifold of the <fi direction 
whereby we restrict (j> ~ <f> + —. In the rest of the paper we will be interested on the ADHM 
construction of instantons on these orbifolded spaces. To that matter, we will take as starting 
point the ADHM construction in the unorbifolded case, on which we will implement the orbifold 
by standard methods 0. 

Let us consider the case of unitary instantons presented above. In order to find the orbifolded 
theory we first need to identify the transformation properties of the fields. These read: 

• The fields A 3 (with j = 1,2) in the bifundamental representation. 

A 3 i-» 7 1 A' j 72 1 , (35) 

• The fields B\ and B 2 in the bifundamental representation. 

P 1 ~ r 1 , P 2 -Wn72P 2 7i'\ with Un = e 2 " /n , (36) 

• The fields Q and q. 

q ^ 72973 1 ) Q ^ 73 Q 71 1 j (37) 


2n-l 

with Y, ki = k L , 

i odd 

2 n 

with Y ki = k R , 

i even 

n 

with Y Ni = N. 

i=i 


where the matrices 71, 72 and 73 are given by 

71 = diag( 1,..., 1 ,w n ,..., w„, ...,w" -1 ..., w” -1 ) 

k 1 times times & 2 ™-i times 

72 = diag( 1,..., 1 ,w„, ...,w n ,..., w" _1 ...,w^ _1 ) 

k 2 times k± times fc 2 n times 

73 = diag( 1,...,1 ,w n ,...,w n ,..., w^ -1 ...,^ -1 ) 

Ni times N2 times N n times 
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It’s easy to check that the superpotential (hOk is invariant under the transformations (35)-(37). 


In addition, the two gauge groups U(k L ) and U{k R ) of the initial theory and the flavor group 
U(N) are broken to 


U(k L ) 


2n-l 2 n n 

(g ) U(ki), <g> tf(fci), U(N)~®U(Ni), 

i odd i even i= 1 


and after the action of the transformations (35)-(371 the various fields become 


A' = 


/ 

0 
0 


0 


A 1 
^22 


0 

0 

A 1 

A 33 


0 
0 
0 
0 

0 AL / 


A = 


/ A 2 n 
0 
0 


0 


A 2 

a 22 


0 

0 

A 2 

^33 


0 
0 
0 
0 

o I 


B 1 = 


0 


0 

0 


B\, n 


\ 



/ 

0 

B±2 

0 



0 


Bl i 

0 

0 


0 





0 

0 

B 2 23 



0 


0 


2 

0 


0 


, B 2 



0 

0 

0 








0 

0 









B 

i—l,n 


^ 0 


0 

0 

d1 

D n,n-1 

0 





K B 

2 

n,n- 1 

0 

0 

0 


0 



1 

9n 

0 

o ... 

0 

\ 


/ 

Qn 

0 

0 


0 

\ 





0 

922 

o ... 

0 




0 

Q 22 

0 


0 




q = 


0 

0 

933 •••• 

0 


, Q = 


0 

0 

Q 33 


0 









0 








0 





\ 

0 

0 

0 0 

Q.nn 

i 


\ 

0 

0 

0 

0 

Qnn i 




4.1 Constructing U(N ) instantons on CP 2 /Z n 

Let us now show the actual construction of unitary instantons on CP 2 /Z n . 


4.1.1 The CP 2 /Z 2 case 

Let us consider the simplest case of the Z 2 orbifold. Applying the rules above we obtain a theory 
whose quiver is reported in figj3j together with the superpotential ( J38| . Note that W F i denotes 
the superpotential for (the first phase of the Fq was studied in[38] in the case of 4 d field 
theories and in (39) in the context of 3d field theories). Moreover, for future reference, we compile 
the transformation properties of the fields and the F-terms under the various symmetry groups in 
table [2] 


Fields 

u(kA 

U(k 2 ) 

U(k 3 ) 

U(k 4 ) 

U(N\) 

U(N 2 ) 

SU( 2) 

U( 1) 

A 2 

^11 

[ 1 , 0 , ..., 0 ]+i 

[0,...,0,l]i 

[0]o 

[0]o 

[0]o 

[0]o 

[0] 

1/2 

A 2 22 

[0]o 

[0]o 

[1,0, ...,0] +1 

[0, ..., 0, 1]-! 

[0]o 

[0]o 

[0] 

1/2 

B \ 2 , B \ 2 

[0]o 

[1,0, ...,0] + i 

[ 0 ,..., 0, l]i 

[0]o 

[0]o 

[0]o 

[1] 

1/4 

B\^B\ X 

[0, ...,0, 1]! 

[0]o 

[0]o 

[1,0,...,0] +1 

[0]o 

[0]o 

[1] 

1/4 

9n 

[0]o 

[1,0, ...,0] + i 

[0]o 

[0]o 

[0, ..., 0, 1]-! 

[0]o 

[0] 

l-l/4r 

Q 11 

[0, ...,0, 1]! 

[0]o 

[0]o 

[0]o 

[1,0,...,0] + 1 

[0]o 

[0] 

l/4r 

922 

[0]o 

[0]o 

[0]o 

[1,0,...,0] +1 

[0]o 

[0, ..., 0, 1]! 

[0] 

l-l/4r 

Q 22 

[0]o 

[0]o 

[0, ...,0,1]! 

[0]o 

[0]o 

[1,0, ...,0] +1 

[0] 

l/4r 

Fi 

[0, ...,0, 1]! 

[1,0, ...,0] +1 

[0]o 

[0]o 

[0]o 

[0]o 

[0] 

1 

f 2 

[0]o 

[0]o 

[ 0 ,..., 0, l]_i 

[1,0, ...,0] +1 

[0]o 

[0]o 

[0] 

1 


Table 2: Transformations of the fields and of the F-terms for the CP 2 /Z 2 theory. 
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Figure 3: Quiver diagram for the CP 2 /Z 2 theory. 


W + quA^Qn + 922 ^ 22 ^ 22 ] - 

= W F i + TrfguA^Qn + q22A\ 2 Q 2 2] ■ 


(38) 


In the unorbifolded case the instanton branch appeared upon setting A 1 = 0. Therefore, in this 
case we need to impose A] 1 = A 22 = 0. Then, the only relevant F-terms are 


Pi : ^/tj, W - Bl 2 A\ 2 B 21 - Pi 2 A^P^l + <ZnQn - 0, 


F 2 :d A 


W^B\ x A\ x B\ 2 


B ' 2 iA xx B X2 + (722Q22 - 0 . 


(39) 

(40) 


This describes the ADHM construction for instantons on CP 2 /Z 2 . 

As we have reviewed above, in in the unorbifolded case it is possible to map instantons on CP 2 
into instantons on C 2 . Inherited from this we can find a mapping from the ADHM construction 
for instantons on the orbifolded space into that for instantons on the appropriate orbifold of C 2 . 


To see this, using the map 7r in eq.(14) we have the following identifications between the fields of 
the CP 2 /Z 2 theory and the Helds of the C 2 /Z 2 theory 


AoB 2 - 


0 

A 2 P 2 


A 2 R 2 


H-4 f 


M i9n 0 W 

0 A 22 q 22 ) y 


Pi 

0 


0 

1 22 


) 


= /. 


A 2 Pi = 


A 2 Dl 
Ii 22 D 21 


A 2 Dl 
/i ll i3 12 


)-L°. X t )-*'• * = ( Q 0 o ) = [ J o J )-'■ 

/ \ A 21 U / \ u ^22 / \ U 0/22 / 
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Then, upon multiplication of the F-term relations (39) and (40) by A\ 4 and A 22 respectively, 
these can be rewritten as 

*12*21 - *12*21 + hlJll = 0 , (41) 


*2 1 1 *12 - *21*12 + h2J22 = 0 , (42) 

which are the F-terms relations for the C 2 /Z 2 theory [25]. Hence, we recover the analog to the 
unorbifolded case, namely that the moduli space (at least removing possible compact directions 
to which we will come back below) is biholomorphic to the moduli space of C 2 /Z 2 . 

The Hilbert series of instantons described by the theory with flavor group U(Ni) x U(N 2 ) and 
gauge ranks k = (fc 1; k 2 , fc 3 , k 4 ) Q reads 

H[k,F,CP 2 /Z 2 ](t,x,y,d) = J d^ u{kl) (u) J dn u(k2) ( w) J d^ u{ka) (z)x 

J dHu^WPElxAlJ 2 + XA\ 2 1 2 + XsiJ + + Xq lit 2 +XQllt 2 + Xqi 2 t 2 + 

XQ22^ ~ XfA — XfA ] 5 
where we are using the following notation 

• The fugacity t is associated with the R-charge and keeps track of it in unit of one quarter. 

• The fugacities u,w,z and v are associated with the gauge groups U(ki), U(k 2 ), U{k%) and 
U(k 4 ) respectively. 

• The fugacities x,y and d are associated with the global symmetries 517(2), U(Ni) and 
U(N 2 ) respectively. 

• The contribution of each field is given by 

fci k 2 k 3 fe 4 / 1 \ 

xa? x = E E u aWb\ xa % 2 = E E z * v b S x B t = x+ - E E w » z b 1 > 

a=lb=l a=lb=l ' X ' a=lb=l 

\ /C4 fci ki k 2 k 3 k 4 

X + - ) Z E VaUb 1 : XF 1 = Z Z u ~a w b, XF 2 = Z Z Z ~a V &> 


x ' a =1 6=1 


a= 16=1 


a= 16=1 


k 2 N 1 N x k 4 N 2 N 2 k 3 

Xqn = Z Z WaVb 1 , XQ11 = Z Z > Xq 2 2 = Z Z V °< d b\ XQ22 = Z Z d « Z b' ' 

a=l6=1 a=l6=1 a=l6=1 a=l6=1 


• The Haar measure of each U(k) gauge group is taken equal to 

1 (JL, r duj 


/<(«,(*,(")=^in£ hi 


= 1 27 TIU 


n ( 


Ui - Ui )[U, 


#)(■ 


-1 


z 1 ) 


'(? / l<2<J<fe 


Explicit computation shows that the Hilbert series on the instanton branch for gauge group G = 
U(ki) x U{k 2 ) x U(ks) x U(k 4 ) with flavor group U{N\) x U(N 2 ) corresponding to instantons on 
CP 2 /Z 2 is equal to the Hilbert series on the Higgs branch of the A\ quiver with U(K\) x U(K 2 ) 
gauge symmetry and global U(Ni) x U(N 2 ) symmetry, corresponding to instantons on C 2 /Z 2 jZH]; 
where 


Ki = min( k \, k 2 ), K 2 = min(fc 3 , k 4 ). (44) 

In fig|4] we graphically summarize the relation between the theory describing instantons on 
CP 2 /Z 2 and that describing instantons on C 2 /Z 2 . Note that each flavor node flavors two adjacent 
nodes, which are precisely those “merging” into a single node in the C 2 /Z 2 cousin. 

'We will summarize the ranks of the various gauge groups with a vector k and the ranks of the flavor groups 
with a vector N. 
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K\ = min(fci, ^ 2 ) 



Figure 4: Relation between the CP 2 /Z 2 quiver gauge theory (on the left) and the corresponding 
C 2 /Z 2 quiver gauge theory (on the right). 


Let us turn to explicit examples supporting of our claim. 
U(Ni) instantons: k= (1,1,1,1) and N = (TVi,0) 


Using eq. (43) we have 


dz 
M=i ^ 


P[k=(l,l,l,l),N=(iV lj 0) I CP 2 /Z 2 ](t, a ;,y)= 7 -^ i <f - (jj — <f 

(27T?.) 4 J\u\=1 U ~/]ui|=1 W J\z\=l 
, — x PE [XA\t 2 + XAlJ 2 + XbU 1 + x bL t + Xqn t 2 + XQnt 2 - XF 1 t 4 - XF 2 t 4 ], 

J\v =1 V 12 21 


dv 
)\v\=l v 

where the various characters are given by0 


Xa\, =uw 1 , x A 2 2 = zv \ x b * 




- I u 1 v , 


Xf 1 =u 1 w, xf 2 =z 1 v, Xqn ~ w P 1 [0, 0,1] XQ 11 =u 1 p[ 1,0, ...,0] s . 

Integrating over z and v we obtain 

l r An, r An., ( 1 _ +6 \ ( „, , + 4„ 


■ f 

J\u\=l 


du f dw (1 -t°)x 2 (u + t A w) 


(2ni) 2 J\u\=i u J\w\=i w (t 2 u - w)(t 4 w - x 2 u)(u - t A x 2 w) 
then integrating over the second gauge group we find 


xPE [Xqilt +XQlJ L 


1 + P 


1 -t b 


f-O r sin. 

- (b — PE[up- 1 i 4 [0,...,0,l] s + u-V[l, 0 ,... 0 ] s ]. 

l) J\u\=l U 


(1 - t 6 /x 2 )(l - t 6 x 2 ) (2iri) J\u\= 

We can reabsorb the fugacity p of the U( 1) flavour as u' = up -1 . Therefore the previous integral 
becomes 


1 + P 


1 -t b 


I-” r rh / 

-6 X PE[w't 4 [0, 0, l]g + t?/u'[ 1,0, ...0]y], 

l) J\u'\=l U 


(1 - t 6 /x 2 )( 1 - t 6 X 2 ) (27 Tl) J\u' 1=1 

8 We rewrite the flavor group U(Ni) as U( 1) x SU(N\). We denote with p the fugacity of the U(l) subgroup 
while we denote with y the fugacities of the SU(Ni) group. 
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finally, doing u! = 112 /1, the previous expression becomes 


1 + t b 


l-r 


f — PE[ M2 t 3 [0,....0, l] fl + i 3 u^[l,0, ...0] g ]. 

J\u 2 \=l U 2 


(1 - [ 6 /x 2 )(l - t e x 2 ) (2ni) J\u 2 \=i U 2 


This last expression coincides with the Hilbert series for one SU(Ni) instanton on C 2 /Z 2 (it co¬ 
incides with the eq.(2.15) of [25]). 


[7(1) instanton: k = (2,1,1,1), and N = (1,0) 


Using eq.(43), we find that 


P[k= (2,1,1,1),N = (1,0),CP 2 /Z 2 ](f, x) = 


1 + t b 


(l-t b /x 2 )(l-t e x 2 ) ’ 


which is the Hilbert series of one [7(1) instanton on C 2 /Z 2 . 


[7(1) instanton: k = (2,1,2,1), and N = (1,0) 


Using eq. (43), we find that 


H[ k = (2,1,2,1), N = (1,0),CP 2 /Z 2 ](f, x) = 


1 + t b 


(1 - t 6 /x 2 )(l - t 6 X 2 ) ’ 
which is again the Hilbert series of one [7(1) instanton on C 2 /Z 2 . 


[7(1) instanton: k = (1,2,1,2), and N = (1,0) 


Using eq. (43), we find that 


ff[k= (1,2,1,2),N = (l,0),CP 2 /Z 2 ](f,:z) = 


l + t b 


(l-t 6 /x 2 )(l-t 6 x 2 ) ’ 
which is again the Hilbert series of one [7(1) instanton on C 2 /Z 2 . 


• [7(2) instanton: k= (2,1,1,1) and N= (2,0) 


Using eq. (43), we find that 


H[k= (2,1,1,1), N = (2,0), CP 2 /Z 2 ](7, x, y 1; y 2 ) 


_ (1 + 7 6 ) 2 :t 2 t/i?/ 2 _ 

(' t 6 - x 2 ){\ - [ 6 x 2 )([ 6 ?/i - y 2 )(yi ~ t 6 y 2 ) ’ 


being y\ and y 2 the fugacities of the flavor group. The previous expression coincides with 
the Hilbert series for one [7(2) instanton on C 2 /Z 2 . 


• [7(2) instanton: k = (2,2,1,1), and N = (2,0) 


Using eq. (43) and unrefining for simplicity we find 


H[ k = (2,2, 1,1), N = (2, 0), CP 2 /Z 2 ](i, 1,1,1) = 


1 + 3i 6 + lit 12 + 10t 18 + lit 24 + 3t 30 + t 36 
(l-t 6 ) 6 (l + t 6 ) 3 


which is the unrefined Hilbert series for K = (2,1) instantons with flavor group N = (2,0) 
on C 2 /Z 2 . 
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U{ 2) instanton: k = (2,2,1,1), and N = (0,2) 




Using eq.(43) this time we find that 


H [k = (2,2,1,1), N = (0,2), CP 2 /Z 2 ](f, Vl , y 2 ) 


(1 + t 6 )(x 2 + t e x 2 + t 18 x 2 - t 12 { 1 + X 2 + x A ))yiy 2 
(t 6 -x 2 ){\ -t 6 cc 2 )(t 6 ?/i -y 2 )(yi -t 6 y 2 ) 


being yi and y 2 the fugacities of the U( 2) flavor group. The previous expression is the 
Hilbert series of K = (2,1) instantons with N = (0,2) on C 2 /1, 2 . 


4.1.2 The CP 2 /Z 3 case 

Let us now consider the case of CP 2 / Z 3 . Using the rules above, we find that the quiver describing 
the moduli space of instantons on the CP 2 /Z 3 is fig(5j We summarize the fields quantum numbers 
in table [3] 



Figure 5: The quiver diagram for the CP 2 /Z 3 theory. 


The superpotential (10) becomes 


W —Tr[j4.221-^12 ~ ^11^12^22^21 + ^33^32^22^23 ~ ^22-^23^33^32 + 

~ ^33-®31^11-®13 + ^11-®13^33-®31 + Qll^llQll + 922^22*522 + 9332433*533] • 
Now the instanton branch emerges upon setting A} ri - 0. The relevant F-terms are 

Fi • - B 13 A 33 B 31 - B 12 A 22 B 21 + qnQu - 0, 

F '2 '■ = 1 ? 21 ^ 11-®12 ~ -® 23 ^ 33-®32 + 922*522 = 0 , 

F'.i '• ®a\ 3 W = B 32 A 22 B 23 - B 31 A 13 B 13 + 933 Q 33 = 0. 

This defines the ADHM construction for instantons on CP 2 /Zs. 

If we multiply the Fi,F 2 and F 3 respectively by A 2 1; ^ 22-^33 we obtain 

^n-®13^33-®31 ~ ^n-® 12 ^ 22-®21 + ^ll9ll*5ll = 0 , 


(45) 


(46) 
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^ 22 ^ 21 ^ 11-^12 ^ 22 -® 23 ^ 33-®32 + ^ 22922^22 - 0 , 


( 47 ) 


^33-®32^22-®23 - ^33-®31^11-®13 + ■^,3 c l3'iQ 33 - 0 . 


(48) 


It is easy to check, using the identification provided by the map 7 r in eq. (14), that the expressions 
(46)-(48) match the corresponding F-terms of the C 2 /Z 3 theory. Note that, as opposed to the 
unorbifolded and Z 2 orbifold, the SU( 2) global symmetry rotating the fields is broken due to 
the orbifold action. This correlates with the fact that the moduli space of instantons on CP 2 /Z n 
is biholomorphic to the moduli space of instantons on C 2 /Z ra , which exhibits an SU( 2) symmetry 


for n- 1,2 but not for higher n. 


Fields 

U(ki) 

U(k 2 ) 

U(k 3 ) 

U(ki) 

U(k 5 ) 

u{kt) 

U ( Ni ) 

U(N 2 ) 

U(N 3 ) 

F(l)fl 

A 2 n 

[1,0, ...,o] + i 

[0.0,1]! 

[0]o 

[0]o 

[0]o 

[0]o 

[O] 0 

[0]d 

[Old 

1/2 

-^22 

[0]o 

[0]o 

[1.0,...,0] +1 

[0.0,1]1 

[0]o 

[0]o 

[0]o 

[Old 

[old 

1/2 


[0]o 

[0]o 

[0]o 

[0]o 

[1,0,...,0] +1 

[0, ..., 0, 1] i 

[Old 

[Old 

[old 

1/2 

^13 

[0]o 

[1,0,...,0] +1 

[0]o 

[0]o 

[0, ...,0,1]-! 

[0]o 

[Old 

[Old 

[old 

1/4 

^21 

[0,...,0,1]! 

[0]o 

[0]o 

[1,0.0]+! 

[0]o 

[0]o 

[Old 

[Old 

[old 

1/4 

^32 

[0]o 

[0]o 

[0.0,1]! 

[0]o 

[0]o 

[1,0.0] + i 

[0]o 

[Old 

[old 

1/4 

Bl 2 

[0]o 

[1,0, ...,0] +1 

[0, ...,0,1]! 

[0]o 

[0]o 

[0]o 

[Old 

[Old 

[old 

1/4 

Bid 

[0]o 

[0]o 

[0]o 

[1,0, ...,o] + i 

[0, ...,0,1] ! 

[0]o 

[Old 

[Old 

[old 

1/4 

Bli 

[0,..., 0, l]-i 

[0]o 

[0]o 

[0]o 

[0]o 

[1,0, ...,0] + i 

[Old 

[Old 

[old 

1/4 

9n 

[0]o 

[1,0,...,0] +1 

[0]o 

[0]o 

[0]o 

[0]o 

[0 .0, 1]! 

[Old 

[old 

1 - 1/4 r 

Qn 

[0,...,0,1]! 

[0]o 

[0]o 

[0]o 

[0]o 

[0]o 

[1,0,...,0] +1 

[Old 

[old 

1/4 r 

922 

[0]o 

[0]o 

[0]o 

[1,0, ...,o] + i 

[0]o 

[0]o 

[Old 

[0, ...,0,114 

[old 

1 - l/4r 

Q22 

[0]o 

[0]o 

[0 . 0,1]I 

[0]o 

[0]o 

[0]o 

[Old 

[1,0, ...,0] + i 

[Old 

l/4r 

933 

[0]o 

[0]o 

[0]o 

[0]o 

[0]o 

[1,0.0]+i 

[Old 

[old 

[0,...,0,l]-i 

1 - l/4r 

Q33 

[0]o 

[0]o 

[0]o 

[0]o 

[0 . 0, l]i 

[0]o 

[Old 

[0]d 

[1,0,...,0] + 1 

l/4r 


[0,...,0,1]! 

[1,0, ...,0] +1 

[0]o 

[0]o 

[0]o 

[0]o 

[Old 

[Old 

[old 

1 

f 2 

[0]o 

[0]o 

|o..... o,: 1 .1 

[1,0, ...,Q]+i 

[0]o 

[0]o 

[Old 

[Old 

[old 

1 

f 3 

[0]o 

[0]o 

[0]o 

[0]o 

[0, -, 0,1 ] ! 

[1,0.0]+! 

[Old 

[Old 

[old 

1 


Table 3: Transformations of the fields and of the F-terms for the CP 2 /Z 3 theory. 


The Hilbert series for F = U(Ni) x[/(7V 2 ) xt/(7V 3 ) instantons on CP 2 /Z 3 with the configuration 
k = (fci, fc 2 , fc 3 , ki, fcs, ke) reads 


P[k,P,CP 2 /Z 3 ](f,y,d,s) = J dnu( kl) (u) J dn u(k2 ) (w) J dmu(k 3 )(z) J d/qy (fe4 )(v)x 

J diiu(k 5 )( j) J e^[/(fc 6 )( c ) x PEfx^^t 2 + Xa 2 2 J 2 + Xa§ 3^ 2 + Xb 2 J + XsfE + Xb 2 ^ + Xs|E+ 


+ Xb{J- + XBlJ + Xqnt 


■XQi 


+ 


Xq, 


A + 


XQ 5 


2^ "*”Xc?33^ XQ33^ 


' XfJ 4 - XF 2 t 4 - XF 3 t 4 ] , 


where the contributions of the F-terms and the various fields are given by 


(49) 


fc 3 fc 4 

XF 2 = E E-a^b, 

a=l6=1 

k 5 k 6 

XF 3 — X] ^ j a ^bi 

a= 16=1 

k 2 Ni 

Xqxx = E 'L w -y~b\ 

a= 1 6=1 

N x k x 

xqh = E 

a= 16=1 

k 4 N 2 

X 922 = E E v odj,\ 

a= 16=1 

N 2 k 3 

XQ22 ~ daZb 

a= 16=1 

k 6 Ns 

1 X<?33 = S X/ C a S b ? 

a=l6=1 

N 3 k 5 

XQ33 ~ X] S $cijb 

a=l6=1 


k\ k 2 k 3 &4 k*, k& k 2 k 3 k 4 k$ 

XA 2 n = E E u a™b\ XA 2 2 = E E ^b 1 1 XA | 3 = E 'EjaCb 1 , Xb\ 2 = E E Xsf 3 = E E 1 . 


a= 16=1 


a=l6=1 


a=l 6=1 


a=l6=1 


a=l6=1 


ke k± A ?4 fci &2 &5 ^6 ^3 fci k 2 

Xsf, = E EW, Xfii, = E E t; o u b 1 > Xn ] 3 = E E w oJb' , Xn } i2 = E E c ^b\ XF, = E E u a ly, b- 

a=l6=1 a=l6=1 a=l6=1 a=l6=1 a=l6=1 

As in above, the Hilbert series on the instanton branch of the quiver describing instantons on 

CP 2 /Z n with gauge group of G - U(k\) x t/(fc 2 ) x t/(A: 3 ) x [/(Aq) x U(k$) x t/(fc 6 ) and flavor group 
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U(Ni) x U(N 2 ) x U(N 3 ) is equal to the Hilbert series of the Higgs branch describing the moduli 
space of instantons on C 2 /Z 3 with flavor group U(Ni) x U(N 2 ) x U(N 3 ) instantons and gauge 
group K = (Ki, K 2 ,K 3 ) [213, where 


Ki = min(fci, k 2 ), K 2 = min(fc 3 , k±) and K 3 = mm(k 3 ,ke) . (50) 

We can again summarize graphically the relation between the theory describing CP 2 /Z 3 in¬ 
stantons and its C 2 /Z 3 cousin as in figrol As in the Z 2 orbifold case, each flavor node flavors a 
pair of gauge nodes which “merge” into a single node in the cousin C 2 /Z 3 theory. 



Figure 6 : Relation between the CP 2 /Z 3 quiver gauge theory (on the left) and the corresponding 
C 2 /Z 3 quiver gauge theory (on the right). 

Let us support our claim with explicit examples. 

17(1) instanton: k = (1,1,1,1,1,1), and N = (1,0,0) 


1 - t 3 + t b 


Using eq.( 49) we find that 

»[(1.Ul,l, 1 , 1 ), ( 1 . 0 , 0 ),CP»/Z,](f) = (1 _ (S)2(1 + (8 + (6) . 

which is the Hilbert series for N = (1,0,0) instantons and K = (1,1,1) on C 2 /Z 3 . 
17(2) instanton: k = (1,1,1,1,1,1) and N = (1,1,0) 


Using eq. (49) and unrefining we find that 


H[{ 1,1,1,1,1,1), (1,1,0),CP 2 /Z 3 ](1,1,1) = 


1 + t 6 + 2t 9 + 21 12 + 21 15 + t 18 + t 2A 


(l-t 3 ) A (l + t 3 ) 2 (l + t 6 )(l + t 3 +t 6 ) 2 ’ 
which is the unrefined Hilbert series for N = (1,1,0) instantons and K = (1,1,1) on C 2 /Z 3 . 
17(1) instanton: k = (2,1,1,1,1,1) and N = (1,0,0) 


20 



























Using eq.( 49) we find that 


P[(2,l,l,l,l,l),(l,0,0),CP 2 /Z 3 ](f) = 


1 - t 3 + t 6 


(i-t 3 y 2 (i + t 3 + t e ) ’ 

which is again the Hilbert series for N = (1,0,0) instantons and K = (1,1,1) on C 2 /Z 3 . 
17(1) instanton: k = (2,1,2,1,1,1), and N = (1,0,0) 


Using eq. (49) we find that 

P[(2,l,2,l,l,l),(l,0,0),CP 2 /Z 3 ](f) = 


1 - t 3 + t 6 


(i-t 3 y-(i + t 3 + t e ) ’ 

which is again the Hilbert series for N = (1,0,0) instantons and K = (1,1,1) on C 2 /Z 3 . 
17(2) instanton: k = (2,1,1, 1, 1, 1), and N = (2,0,0) 


Using eq. (49) we find that 


i7[(2,l,l,l,l,l),(2,0,0),CP 2 /Z 3 ](t,j /1 , 2/2 ) = 


(l_p + 2 t b_ t » + t i2) yiy2 


(l-t 3 ) 2 (l+t 3 +t 6 )(t 6 y 1 -y 2 )(t e y 2 -y 1 ) ’ 


being yi and y 2 the fugacities of the flavor group 17(2). The previous expression is the Hilbert 
series for N = (2,0,0) instantons and K = (1,1,1) on C 2 /Z 3 . 

17(2) instanton: k = (2,2,1,1,1,1), and N = (2,0,0) 


Using eq. (49) and unrefining we find that 


i7[(2,2,1,1,1,1), (2,0,0),CP 2 /Z 3 ](f, 1,1) = 

_ 1 - t 3 + 2f 6 - t 9 + 31 12 + 2t 15 - t 18 - t 21 - 5 t 27 + 2 1 30 - 5 1 33 - t 39 - t 42 + 2t 45 + 3f 48 - t 51 + 2 t 54 - t 57 + t 60 
= (1 - t3) 4 (l + t 3 ) 2 (l + t 3 + t 6 )( 1 - t 12 ) 2 (l - t 15 ) 2 

which is the Hilbert series for N = (2,0,0) instantons and K = (2,1,1) on C 2 /Z 3 . 

17(2) instanton: k = (2,1,2,1,1,1), and N = (2,0,0) 


Using eq. (49) we find that 

P[(2,l,l,l,l,l),(2,0,0),CP 2 /Z 3 ](l, yi ,y 2 ) = 


(l-t 3 + 2t 6 -t 9 + t 12 ) yi y 2 
(l-t 3 ) 2 (l + t 3 +t 6 )(t e y 1 -y 2 )(t 6 y 2 - y x ) ' 


being yi and y 2 the fugacities of the flavor group 17(2). The previous expression is the Hilbert 
series for N = (2,0,0) instantons and K = (1,1,1) on C 2 /Z 3 . 

4.1.3 The CP 2 /Z ra case (n ^ 3) 

It is now easy to generalize the previous construction of U (TV) instantons to higher orbifolds of 
CP 2 . For a general Z„ orbifold, the resulting procedure is as follows (see %§ 

• The quiver has 2 n circular nodes linked together in alternating way, i.e. a segment with 
fields A) n and A 2 t is alternated to a segment with field B 2 i+1 (see hgfd (a)). 


Then we add the contribution due to the fields B} +1 j. In order to do this we begin from one 
circular node (for example the one in which there is the gauge group U(k\)) and we move in 
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clockwise sense counting three segments (in this case we will count the segment labelled by 
Al ± , the segment labelled by Bf 2 and finally the segment labelled by A\ 2 ). When we reach 
the circular node at the end of the third segment we draw a line between this node and the 
initial circular node (in this case a line between the node [/(Aq) and the initial node U(ki)). 
This line we will labelled by a B- +l i field (in the case we are considering by the field B 2 i) 
(see fig (7] (b)). 

• We apply the same procedure starting, this time, from the next circular node arising from 
the first gauge group t/(fci) (in this case the one labelled by U(k 3 )) and we will continue 
to apply this algorithm up the end of circular nodes arising from the decomposition of the 
first gauge group. Finally we add the contributions due to the various flavour groups, and 
we obtain the quiver reported in fig[7](c). 



(a) (b) 



(c) 


Figure 7: Construction of the quiver diagram for the CP 2 /Z 4 theory. 

Note that N corresponds to the sum of the ranks of the flavor nodes. In turn, gauge ranks 
correspond to the instanton number as well as, together with relative flavor ranks, other quantum 
numbers describing the instanton (we will briefly come back to these issues below). 
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We can compute the Hilbert series on the instanton branch. In general, we find a corre¬ 
spondence between the Hilbert series for the moduli space of N = (Ni ,..., N n ) instantons with 
k = (fci, k 2 ,k 2n ) on CP 2 /Z„ and the Hilbert series for the moduli space of N = (Ni, ...N n ) 
instantons with K = (Ki,...,K n ) on C 2 /Z n upon identifying 

A'i = min(fci, k 2 ), I< 2 = min(fc 3 , fc 4 ), ... K n = min(fc 2 „-i, k 2n ) ■ (51) 


This can be easily proven in the particular case 


G = (g)C/(l) i , F = ®U(Ni). 


i=l 


i= 1 


Moreover we denote with z-i i = 1,..., 2 n the fugacities of the various P(l)j gauge groups and with 
Ui and iji the fugacities of each flavour group I/(7Vj) (being Ui the fugacity of the U( 1 ) part while 
yi are the fugacities associated with the SU(N ) part of the flavour group). 

The Hilbert series reads 


2 " 1 r d^- 11 

H[(l,l 1 ...,l),(N 1: N 2 ,...,N n ),CP 2 /Z n ](t,u i ,y i ) = II $ — II Xa 2 ( t,z 2 j-i,z 2j )x 

i=i Im J\ Zi \ Zi j=1 ™ 

Xb 2 z 2 j , Z 2j+ i)Xb) +1 . (t, z 2j, z 2j-l)XF 3 (t, Z 2j - 1, Z 2j )Xq j , j ( t, Z 2j , TJj , U,)\ Q . ( t , Z 2j . i, gj , Uj ) . 

(52) 

The contributions of the various fields are [j 

Xa 2 it, z 2j-l,Z 2j ) = PE[t 2 Z2j-\z£], Xb 2 ]+1 (t,Z 2 j,Z 2 j +1 ) = PE[tZ 2 jZ 2 j +1 ] , 

Xsj +1 . (t? z 2 j+ 2 , z 2 j-l) - PE[tz 2 j +2 Z 2 j_i\, XFj ( t , Z 2 j-x,Z 2 j) = PE [-t 4 ‘Z 2 j_ 1 Z 2j ] , 

XQj.j (t,z 2j -i,yj,Uj) = PE[t 2 ^2j_i[l, o,....0] y-.Uj], Xv.i A z 2j,Vj,Uj) = PE[t 2 z 2j [0,..., 0, lj^uj 1 ]. 
Therefore the Hilbert series (52) becomes 

PE[t 2 0, ...,0 \ ffj Uj + t 2 z 2j [ 0, ...,0, 


n-f -h 

ii 2 tti J\zi\ Zi y 


z 2j-l 

Z 2 j 




It is important to note that we can integrate over the gauge group t/(l)j with an even value 
of the index i. This is due to the fact that the only contribution to these integrals come from the 
poles located at z 2 j = t 2 z 2 j-i- Therefore, performing the integrations, we obtain 

FT — cf —FT + ^2j-i[0,-,0, 1 ] i/ - J M~ 1 ](22j-i-^ 6 ^2j-i) 

< 2 "*'*• ;=> 

then we perform the change of variables z 2 j-\ >-* tz 2 j-\ 

f] — (f ff PE [^ 32 '2j-i[ 1 > °’ t^ z 2j-i\Pt •••) °) 1 ]sTj^J 1 ]( 1 — ^ 6 ) 

Add 27 ™-A*I % -i 


j=i 


P _ t 3 Z2j-l \ G _ « 3 Z2j+l \ 
V 22j+l A 223-1 / 


finally we observe that, instead of consider only the odd numbers between 1 and 2 n, it is more 
useful to consider all the integers numbers between 1 and n. Therefore we can make the following 
replacements z 2 j -1 >->■ Zj and z 2 j+i Zj+i and we rewrite the previous integral as 

n i j- j n 

FI — ® —(l-t 6 ) n YlPE[t 3 z] 1 [l,0,... ) 0]y~.u j + t 3 z j [0,...,0,l] ff .u] 1 ]PE[t 3 z j zjl 1 + t 3 z j+1 zJ 1 ], 

i= i Zj j - =1 

which is the Hilbert series for N = (N\,N 2 , ...,N n ) instantons with K = (1,1,..., 1) on C 2 /Z n (it 
coincides with the expression (2.41) of |28j). 


9 See fig. [8] 
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Up to now we have deliberately postponed discussing the identification of the quantum numbers 
of the instanton. Recall that in the C 2 /Z n case [2SJ the instanton is described by n- 1 first Chern 
classes, one second Chern class and n holonomies of the gauge field, all in all a total of 2 n quantum 
numbers corresponding to the 2 n integers specifying the A„_i quiver. 

In the case at hand, the quiver describing instantons on CP 2 /Z n is specified by a total of 3n 
integers, corresponding to 2 n gauge ranks and n flavor ranks. In turn, we expect the instanton 
on CP 2 /Z n to be described by 2n- 1 first Chern classes -corresponding to n orbifolcl copies of 
the CP 2 2-cycle plus n - 1 extra 2-cycles introduced by the orbifold , one second Chern class and 
n holonomies, hence totalling the expected 3n quantum numbers. While the exact identification 
of integers is not known, note that, from the examples above, the mapping of the CP 2 /Z ra quiver 
into the C 2 /Z n one is such that one node of the latter arises from the “merging” of two adjacent 
commonly flavored nodes of the former; in such a way that the common flavor group in the CP 2 /Z n 
case becomes the flavor group in the C 2 /Z„ case. Hence it is natural to guess that the n holonomies 
correspond to the n flavor nodes. Moreover, the n- 1 first Chern classes associated to the cycles 
arising from the orbifold are naturally associated to the diferences among the minima of the ranks 
of each pair of “merging nodes”. Obviously there are n such nodes arising from “merging”, whose 
n - 1 rank differences would correspond to first Chern classes. In turn, the relative rank between 
the “merging nodes” is naturally associated with the n remaining 2-cycles, orbifold copies of the 
original 2-cycle in CP 2 . Finally, the sum of ranks is naturally related to the second Chern class. 
Note that clearly, the identification of N with the sum of the ranks of the flavor nodes is consistent. 

As a small consistency check, let us consider the simple case of vanishing first Chern class 
associated to cycles introduced by the orbifold. This would correspond to a rank assignation of 
the form (■■■, k, q n , k, q n+ 1 , k , •••) with q t > fc, so that, among each “merging pair” the minimum 
rank is k. Then all relative rank differences among the “merged nodes” are 0 corresponding to 
a C 2 /Z n instanton with zero first Chern classes. Moreover, let us consider the case of vanishing 
second Chern class from the C 2 /Z„ point of view, which demands k = 0. This is analogous 
to the case = 0 in section |3.1| We are then left with a gauge rank assignation of the form 
(■■•, 0, q n , 0, q n+ 1 , 0, •••). According to our conjecture, these integers qt should correspond the first 
Chern classes on the n 2-cycles coming from the orbifold images of the original 2-cycle. Indeed, 
if we consider just one of them, that is, we set all but one of the q,’s to vanish, we simply 
recover the Grassmanian quiver above. Note that, as expected, indeed we have n such possibilities 
corresponding to the n 2-cycles coming from the orbifold images of the original 2-cycle. 


5 Sp(N ) instantons on CP 2 /Z n 

So far we have concentrated on the case of unitary instantons. Let us now turn to the case of 
instantons in the symplectic gauge group. The explicit ADHM construction of such instantons 
was introduced in [T3]. As described in 34], it can be embedded into a 3 d gauge theory upon 
restricting to the appropriate instanton branch. In 3d M = 2 notation, such theory contains 
one U{k ) vector multiplet coupled to one chiral multiplet A in the second rank antisymmetric 
tensor representation of the gauge group and three chiral multiplets Si, S 2 , S in the second rank 
symmetric tensor representation. In addition, there are a number of chiral multiplets in the 
fundamental representation with an Sp(N ) global symmetry. The corresponding quiver is reported 
in figj9] 

In turn, the superpotential is 


W = e ap ( S a ) ab S bc ( S p ) cd A da + A ab Q l a b J tj , (53) 

14j . the instanton branch emerges upon 


being J the Sp(N ) symplectic matrix. As shown in 
setting A -as well as the monopole operators- to zero. 

As in the unitary case, it is possible to embed the CP 2 symplectic instantons ADHM construc¬ 
tion into the C 2 symplectic ADHM construction and vice-versa m- It should be noted though 
that now the equivalent to the map 7r in eq. (141 is quadratic and hence does not define a proper 
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mapping. Nevertheless, as a consequence, the Hilbert series for symplectic instantons on CP 2 
coincides with that of symplectic instantons on C 2 . We refere to na for further details. 

5.1 Constructing Sp(N) instantons on CP 2 /Z n 

Just as in the case of unitary instantons, we can consider orbifolding the base CP 2 manifold and 
study Sp(N ) instantons on CP 2 /Z n . It is then natural to engineer the ADHM-like construction 
by orbifolding the CP 2 case, just as for unitary instantons. As guideline, let us compare with the 
case of instantons on C 2 and its orbifolds [55]. The gauge theory realizing the ADHM construction 
for unitary instantons on C 2 /Z n can be thought as the worldvolume theory on a D3-D7 system, 
where the transverse directions to the D3’s inside the D7’s wrap C 2 /Z n . Then, symplectic (and 
orthogonal) instantons can be constructed upon adding 07 planes of the appropriate charge. A 
comprehensive picture appears upon T-duality along the ALE space. Then, the D3 branes are 
mapped to D4 branes wrapping a circle. In turn, the D7 are mapped into D6 at fixed positions 
in the circle. Finally, n NS5 branes on the circle arise from T-dualizing the ALE space. In this 
context, the construction of symplectic (alternatively orthogonal) instantons boils down to adding 
2 identical -because they come from T-duality of a single 07 06 planes of the appropriate charge 
at opposite points in the circle such that each side of the circle mirrors -due to the orientifold 
projection- the other side. This procedure highlights an obvious difference between the cases of 
even and odd orbifolds. As the distribution of NS5 branes must be symmetric on the circle, for 
an odd n it is clear that one such NS5 must be stuck in an orientifold plane. In turn, in the case 
of even n we can have a symmetric distribution by either sticking one NS5 at each O-plane or not 
sticking any NS5 on the O-planes. These possibilities lead, respectively, to the so-called no-vector- 
structure (NVS) and vector structure (VS) respectively. We refer to [28] and references therein 
for further explanations. Note that the T-duality construction suggests that the two O-planes are 
of the same type. Nevertheless, once in the IIA set-up, one might imagine other versions whereby 
the O-planes are of different type. These configurations were dubbed hybrid in |28| . We will 
briefly touch on the equivalent to these in the case at hand below, showing an explicit example in 
appendix [Aj 

In view of the C 2 /Z n case, it is natural to proceed in a similar way in the case of instantons 
on the orbifolded CP 2 , that is, first consider orbifolding unitary instantons and then considering 
orientifolding. Note however that in this case the brane picture is much less clear. Nevertheless, 
as we will see, the results are qualitatively similar. Since we will set monopole operators to zero, 
formally the procedure is identical to the case of 4 d gauge theories. Hence, we can borrow the 
technology developed [40] and [41! to construct the relevant theories. 

As illustrated in [JHl the orientifold field theory is obtained from the parent field theory per¬ 
forming a Z 2 identification of the gauge groups, chiral multiplets and superpotential couplings. As 
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explained in [41] , this means that the O-plane involution defines a Z 2 automorphism of the quiver 
diagram that reverses the directions of the arrows. Therefore the quiver of the parent theory has 
a Z 2 symmetry, that can be visualized as a reflection through a fixed line once we embed the 
quiver diagram in M 2 . In the following we will follow the method used in m that allows to obtain 
the orientifold theory starting directly from its quiver diagram. Of course, as can be verified, the 
application of the method of [40] , that acts on the dimer diagram of the theory, leads to the same 
results. 

In order to explain how this procedure works we apply it to the case of the CP 2 /Z 2 theory 
and we refer to [TQ for the analysis of the general case. An inspection of the corresponding quiver 
diagram shows that there are two inequivalent ways to cut it with a line, such that the quiver 
displays an arrows reversing symmetry with respect to this line (see fig|10[). 




Figure 10: The two inequivalent ways to obtain the CP 2 /Z 2 orientifold theory. 

In order to obtain the corresponding orientifold theory we label each node and each line inter¬ 
secting perpendicularly the cutting line with a sign (denoted with a Roman number in the figure), 
that can be positive or negative. Then, the orientifold theory is constructed as follows. Each 
node untouched by the cutting line corresponds to a U(k ) group while each node touched by the 
line corresponds to a SO{N) or Sp{N ) (for a positive or negative sign respectively) in the orien¬ 
tifold field theory. In the same way each edge of the quiver diagram away from the cutting line 
corresponds to bifundamental matter, while each edge crossing the cutting line perpendicularly 
corresponds to symmetric matter (positive sign) or antisymmetric matter (negative sign) in the 
orientifold field theory. The values of the signs must be fixed requiring that the superpotential of 
the parent theory is invariant under the involution. Note that in general more than one choice is 
allowed. For example in the case of the quiver diagram in fig[To] (b) we can choose the following 
values of the signs ( + In the following we will always 

fix the signs in order to obtain the theory whose Higgs branch describes the moduli space for 
Sp(N ) instantons (respectively SO) on CP 2 /Z„, which in the case at the hand means to select 
the (+,+,+,+) configuration. The remaining allowed choices correspond to the “hybrid configu¬ 
rations” discussed in [28] . Even though we will not touch upon these further in this paper, we 
present an explicit example in appendix |7\| 

Therefore, as in [25] we have two different situations depending on whether the degree of the 
orbifold is even or odd. 

• If n is odd we have only one type of quiver diagram, corresponding to the fact that we have 
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only one inequivalent way to cut it with a line. 

• If n is even we have two types of quiver gauge theories corresponding to the two possible 
inequivalent ways to cut it with a fixed line. These two cases are just the equivalent of the 
vector-structure and no-vector-structure cases for C 2 /Z„ symplectic instantons. By analogy, 
in the following we will refer to theme as the VS and the NVS respectively. 

Note that N corresponds to the sum of the ranks of the flavor groups in the ADHM quiver. 
In turn, gauge group ranks correspond to instanton number (as well as to other possible quantum 
numbers labelling the instanton). 

5.1.1 Sp(N ) instantons on CP 2 /Z 2 - VS 

Starting from the CP 2 /Z 2 and applying the rules above we can obtain the VS theory for Sp(N ) 
instantons on CP 2 /Z 2 . The corresponding quiver diagram is reported in fig |ll| while we summarize 
the transformations of the fields under the different groups in table [4} Note that N = N\ + _/V 2 . 


§! 



A-2 Al\ 


Figure 11: Quiver diagram for VS symplectic instantons on CP 2 /Z 2 . 


Fields 

U(ki) 

U(k 2 ) 

Sp(N 1 ) 

Sp(N 2 ) 

SU( 2) 

U( 1) 

it 

[0,1,0..., 0] 2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[0] 

1/2 

Si 

JO 

0 

| Q | 

1 

to 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[0] 

1/2 

^2 

[ 0 ] 

[0,l,0,...,0] +2 

[ 0 ] 

[ 0 ] 

[0] 

1/2 

s 2 

[ 0 ] 

[2,0,..., 0] +2 

[ 0 ] 

[ 0 ] 

[0] 

1/2 

B\B 2 

[1,0, ...,0] + i 

[0,...,0,1] + 1 

[ 0 ] 

[ 0 ] 

[1] 

1/4 

Qi 

[1,0, ...,0] + i 

[ 0 ] 

[1,0, —,0] 

[ 0 ] 

[0] 

1/2 

Q2 

[ 0 ] 

[0,...,0,1] + 1 

[ 0 ] 

[1,0,...,0] 

[0] 

1/2 

Pi 

[0,l,...,0] +2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[0] 

1 

P 2 

[ 0 ] 

[0, 1, —,0]_ 2 

[ 0 ] 

[ 0 ] 

[0] 

1 


Table 4: Transformations of the fields for VS symplectic instantons on CP 2 /Z 2 . 


The branch of the moduli space that can be identified with Sp(N ) instantons on CP 2 /Z 2 is the 
one on which A\ = 0 and A 2 = 0. Then, the Hilbert series of the instanton branch corresponding 
to the VS theory with flavor symmetry Sp(N 1 ) x Sp(N 2 ) and gauge ranks k = (Aq, k 2 ) is 
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( 54 ) 


H[k,F,CP 2 /Z 2 ](t,x,y,d) = J dp u{kl) ( z) J dp u{k2 ){ p)x 

PE [xs*t 2 + x§ i <2 + X&t + \Qit 2 + XQ 2 t 2 ~ XF x t A - XF 2 t 4 ], 

where z and p are the fugacities of the U{k\) and U(k 2 ) gauge groups respectively while y and d 
denote the fugacities of the Sp(Ni) and Sp(N 2 ) flavor groups respectively. Finally x denotes the 
fugacity of the global SU( 2) symmetry rotating the B\ and B 2 fields. The contribution of each 
field is given by 


N\ / 1 \ kx N 2 / i \ k 2 

XQi = E (»i + - XQ* = E [ d J + J- XF 1 = El<a<6< fcl Z ° Z b > 

( ]_ \ fc i fc 2 

3:1 + “ ) S Yl Za Pb ! XF 2 ~ Xll<a<b<fc 2 ^ a ‘ 

Explicit computation shows that the Hilbert series for the instanton branch of the VS theory 
with gauge group G = U{k \) x U{k 2 ) and flavor group Sp(Ni) x Sp(N 2 ) corresponding to the 
moduli space of instantons on CP 2 /Z 2 turns out to be equal to the Hilbert series for Sp(N ) 
instantons on C 2 /Z 2 with gauge group G = 0{I\i) x 0{K 2 ) (see [25] for more details). The two 
theories share the same flavor groups and the gauge groups are related as 


A'i = k \, K 2 = fc 2 . 

Let us show some explicit examples supporting our claim. 
Sp( 2) instanton: k = (1,1), and N = (1,1) 


(55) 


Using eq. (54) and unrefining we find that 


H[ k = (1,1),Sp(l) x <?p(l),CP 2 /Z 2 ](t, 1,1,1) = 


1 - 2f 3 + 6 1 6 - 2 1 9 + t 12 


(l-f 3 ) 6 (l + t 3 ) 4 ’ 

which is the unrefined Hilbert series for Sp( 2) instantons on C 2 /Z 2 with K = (1,1) and N = (1,1). 
Sp( 3) instanton: k= (1,1) and N = (1,2) 


Using eq. (54) and unrefining we find that 


H[ k = (1,1), S P (l) x <Sp(2),CP 2 /Z 2 ](f, 1,1,1,1) = 


(1 + t 6 )( 1 - 2 1 3 + 10 1 6 - 2 1 9 + t 12 ) 
(l-t 3 ) 8 (l + t 3 ) 6 


which is the unrefined Hilbert series for Sp( 3) instantons on C 2 /Z 2 with K = (1,1) and N = (1,2). 


5.1.2 Sp(N ) instantons on CP 2 /Z 2 - NVS 

Let us now consider the second possible configuration, corresponding to the NVS case. The quiver 
diagram of the corresponding theory is reported in fig[l2j while the transformations of the fields 
and of the F-term are summarized in table [5] 

The branch of the moduli space that can be identified with Sp(N ) instantons on CP 2 /Z 2 is 
the one on which Ah = 0. Then, the Hilbert series of the instanton branch corresponding to the 
NVS theory with flavor symmetry 17(IV) and gauge ranks k= (ki,k 2 ) is 


H[k. P,CP 2 /Z 2 ](f, x,y) = f dp u{kl) ( z) J cl/qy(fc 2 )(p) x 
PE [xs.t + X§j t + XA\f + XQt 2 + Xqt 2 - XFt 4 \, 


(56) 
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Si Si 


Figure 12: Quiver diagram for NVS symplectic instantons on CP 2 /Z 2 . 


Fields 

U(k i) 

U(k 2 ) 

U(N) 

SU( 2) 

U( 1) 

Si,S 2 

[2,0, 

•*, 0 ] —2 

[ 0 ] 

[ 0 ] 

[1] 

1/4 

Si,S 2 

[ 0 ] 

[2,0,.. 

■j 0 ] + 2 

[ 0 ] 

[1] 

1/4 

A 2 

[ 1 , 0 , 

-, 0 ] + i 

[0,0,.. 

■) 1]+1 

[ 0 ] 

[ 0 ] 

1/2 

q 

[ 0 ] 

[1,0,.. 

•,0] + i 

[0,... 

0 , 1] + 1 

[ 0 ] 

1/2 

Q 

[ 0 ,..., 0 , 1] +1 

[ 0 ] 

[1,0, 

-, 0 ] + i 

[ 0 ] 

1/2 

F 

[0,... 

o, 1]+1 

[1,0,.. 

•,0] + i 

[ 0 ] 

[ 0 ] 

1 


Table 5: Transformations of the fields for NVS symplectic instantons on CP 2 /Z 2 . 


where z and p are the fugacities of the U(k i) and [/(/C 2 ) gauge groups respectively while y denote 
the fugacity of the U(N ) flavour group and x denote the fugacity of the global 517(2) symmetry 
acting separately on the two doublets S a and Sp. The contribution of each field is given by 

E PaPb , Xs^U+l) E 

' x ' 1 <a<b<k 2 ' X ' l<a<b<k\ 

k\ k2 N ki N k2 ki k2 

xa? x = E E ^Pb 1 . xq = E E -Eno = E xf = E E ■ 

a=l6=1 2=1a=l j=l6=1 a=l6=1 

In this case, by explicit computation of the Hilbert series of the instanton branch of the NVS theory 
with gauge group G = U(k\) x U(k, 2 ) and flavor group U(N) for the moduli space of instantons on 
CP 2 /Z 2 we find that it turns out to be equal to the Hilbert series for Sp(N ) instantons on C 2 /Z 2 
with gauge group G = U{K \) (see [28] form more details). The two theories share the same flavor 
group and the gauge groups are related in the following way 


A'i = min(fci, PQ ■ 


(57) 


Let us explicitly show a few examples supporting our claim 
5p(l) instanton: k= (1,1), and N = 1 
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Using eq. (56) and unrefining we find that 


if[k=(l,l),L/(l),CP 2 /Z 2 ](M,l) = 


1 + 2 1 6 + 2 1 9 + 2 t 12 + t 18 
(1 - f 3 ) 4 (l + 2t 3 + 2t 6 + f 9 ) 2 


which is the Hilbert series for Sp(l) instantons on C 2 /Z 2 with IV = 1 and A'i = 1. 
Sp(2) instanton: k = (1,1), and N = 2 


Using eq. (56) and unrefining we find that 


P[k=(l,l),U(2),CP 2 /Z 2 ](t, 1,1,1) = 


1 - t 3 + 5P + 4f 9 + 4t 12 + 4P° + 5f 18 - f 21 + t 24 
(l-T 3 ) 6 (l + f 3 ) 2 (l + T 3 + t 6 ) 3 


which is the Hilbert series for Sp( 2) instantons on C 2 /Z 2 with N = 2 and A'i = 1. 
Sp(l) instanton: k= (2, 1 ), and TV - 1 


Using eq. (56) and unrefining we find that 


P[k=(2,l),U(l),CP 2 /Z 2 ](M,l) = 


1 + 2T 6 + 2 1 9 + 2t 12 + t 18 


(1 - t 3 ) 4 (l + 2t 3 + 2t 6 + t 9 ) 2 ’ 
which is again the Hilbert series for Sp( 1) instantons on C 2 /Z 2 with TV = 1 and K\ - 1. 

5p(l) instanton: k= (2,2), and TV = 1 

Using eq. ( |56| ) and unrefining we obtain 
H[k = (2,2),C/(1),CP 2 /Z 2 ](t,l, 1) = 

__^_/1 I o/ 6 -i- 2t 9 + + iq/15 

(1 - T 3 ) 8 (l + T 3 ) 4 (l + t 6 ) 2 (l + t 3 + f 6 ) 2 (l + t 3 +t 6 +t 9 + t 12 ) 2 
15t 18 + 18T 21 + 28T 24 + 26t 27 + 341 30 + 26T 33 + palindrome + t 60 ), 

which is the Hilbert series for <Sp(l) instantons on C 2 /Z 2 with TV = 1 and A'i = 2. 

In the NVS case we can graphically sum marize the relation between the parent C 2 /Z 2 instan¬ 
ton and the CP 2 /Z 2 one as in figure 13 Note that, as in the unitary instanton case, we again 

have a “merging” of the flavored pair of gauge nodes into a single node with rank the minimum 
of the “merged ones”. 

5.1.3 Sp(N ) instantons on CP 2 /Z 3 


For the case of odd orbifolds there is only one inequivalent choice. We report in fig 14 the quiver 
diagram of the corresponding field theory, while we summarize the fields and F-terms transforma¬ 
tions in table [6] Note that TV = TVi + TV 2 . 

The branch of the moduli space that can be identified with Sp(N ) instantons on CP 2 /Z 3 is 
the one on which A\ 2 - 0 and Ai = 0. The Hilbert series of the instaton branch corresponding to 
the theory with flavor symmetry Sp{N\) x t/(TV 2 ) and gauge ranks k = (fci,fc 2 ,/c 3 ) is 


P[k,P,CP 2 /Z 3 ](t,a;,y,d) = J dp, u( ^ kl) (z) J dp, u(k2) { p) J dp u{k3) ( w)x 

PE [x qi t 2 + XqJ? + XqJ 2 + XB*t + XA\f + XB\t + XsJ 2 + XsoJ + Xs 3 t ~ XfJ 4 - XF 2 t 4 ], 


(58) 


where z, p and w are the fugacities of the P(fci), U(k 2 ) and P(fc 3 ) gauge groups respectively. 
While y denote the fugacity of the Sp(Ni) flavor group and d the fugacity of the U(TV 2 ) flavor 


31 












Figure 13: Relation between the CP 2 /Z 2 quiver gauge theory in the NVS case (on the left) 
and the C 2 /Z 2 quiver gauge theory (on the right) . Dp are two fields in the symmetric conjugate 
representation of the gauge group U(K i). While D a are two fields in the symmetric representation 
of the gauge group U{Ki) (see [28] for more details). 



Figure 14: Quiver diagram for symplectic instantons on CP 2 /Z 3 . 


group. Finally x is the fugacity of the 17(1) symmetry acting on S 2 and S 3 fields. The contribution 
of each held and of the F-terms are 


XSi Si <a<b<k 1 Z a Z b ) X§ 2 Si <a<b<k 2 Pa Pb X ’ Si <a<b<k 3 WaWbX ’ 


fci JVi , 

1 \ k 3 N 2 

fe 2 n 2 

&3 

Xqi = SS‘"» !/.+ 

~ h Xqi = S S W a d j ’ Xqs = S S Pa 

d j: XF 2 = S SPa 1 ^ 

a=li=l ' 

yi ' a= 1 j=l 

a=lj=l 

a=lb=l 

k\ k 2 

?r 

to 

3 T* 

w 

k 1 6:3 


xb\ = s s w, 

a= 16 =l 

Xa \ 2 = S S P«’ w b > 

a=lb=l 

= S S 

a= 16 =l 

= Si<Q<b<fc 1 


By explicit computation we find that the Hilbert series of the theory with gauge group G = 
11(h) x U ( k 2 ) x 17(73) and flavor group Sp(Ni) x U(N 2 ) for the moduli space of instantons on 
CP 2 /Z 3 coincides with the Hilbert series for the moduli space of Sp(N) instantons on C 2 /Z 3 with 
gauge group G = O(Ki) x U(K 2 ) and flavor groups Sp(Ni) x U(N 2 ) (see [21] for more details) 
upon identifying 

A'i = h, K 2 = min(fc 2 , fc 3 ). (59) 

Let us turn to explicit examples supporting our claim. 
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Fields 

U(k i) 


U(k 2 ) 

U(k 3 ) 

Sp(Ni) 

U{N 2 ) 

U( 1) 

1/(1) 

9i 

[l,0,...,0] + i 


[ 0 ] 

[ 0 ] 

[1,0.0] 

[ 0 ] 

[ 0 ] 

1/2 

92 

[ 0 ] 


[ 0 ] 

[1,0,...0] + 1 

[ 0 ] 

[0,..,0,1] +1 

[ 0 ] 

1/2 

93 

[ 0 ] 

[0, 

-,0,1] + 1 

[ 0 ] 

[ 0 ] 

[1,0,...,0] + 1 

[ 0 ] 

1/2 

b 2 12 

[1,0,...,0] + 1 

[0, 

-,0,1] + 1 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/4 

d| 2 

[ 0 ] 

[b 

0,...,0] +1 

[0,...,0,l] +t 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/2 

Bi 3 

[1,0,...,0] + 1 


[ 0 ] 

[1,0,...,0] +1 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/4 

Si 

JO 

o 

o 


[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/2 

S 2 

[ 0 ] 

[2, 

o, —,0]2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/x 

1/4 

Ss 

[ 0 ] 


[ 0 ] 

[2,0,..., 0] +2 

[ 0 ] 

[ 0 ] 

X 

1/4 

Fi 

[0,1,0,..., 0] +1 


[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1 

f 2 

[ 0 ] 

[0, 

-,0,1] + 1 

[1,0,...,0] +1 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1 


Table 6: Transformations of the fields for symplectic instantons on CP 2 /Z 3 . 


Sp( 1) instanton: k = (1,1,1), and N = (1,0) 


Using eq. (58) and unrefing we find that 


H[k = (1,1, 1), Sp(l),CP 2 /Z 3 ](t, 1,1) = 


(l + f 6 )(l-f 3 + t 6 ) 


(l-t 3 ) 4 (l + f 3 ) 2 (l + f 3 + f 6 ) ’ 
which is the Hilbert series for Sp(l) instantons on C 2 /Z 3 with N = (1,0) and K = (1,1). 
Sp(l) instanton: k = (1, 1, 1), and N = (0,1) 


Using eq. (58) and unrefing we find that 


H[k = (1,1,1), f7(l),CP 2 /Z 3 ](f, 1,1) = 


1 + f 6 + 2f 9 + 2 t 12 + 21 15 + t 18 + t 24 


(1 - f 3 ) 4 (l + f 3 ) 2 (l + f 6 )( 1 + f 3 + *6)2 ’ 
which is the Hilbert series for Sp(l) instantons on C 2 /Z 3 with N = (0, 1) and K = (1, 1). 
Sp( 2) instanton: k = (1,1,1), and N = (1,1) 


Using eq. (58) and unrefing we find that 


P[k=(l,l,l),Sp(l)xP(l),CP 2 /Z 3 ](f, 1,1,1) = 


1 - 2f 3 + 5 1 6 - 21 9 + 6f 12 - 21 15 + 5f 18 - 2 t 21 + t 24 


(1 - f 3 ) 6 (l + f 6 )( 1 + 2 1 3 + 2t e + t 9 ) 2 
which is the Hilbert series for Sp( 2) instantons on C 2 /Z 3 with N = (1,1) and K = (1,1). 
5p(l) instanton: k= (1,2,1), and N = (1,0) 


Using eq. (58) and unrefing we find that 


P[k=(l,2,l),Sp(l),CP 2 /Z 3 ](t,l,l) = 


(l + f 6 )(l-t 3 + f 6 ) 


(l-f 3 ) 4 (l + f 3 ) 2 (l + t 3 + f 6 ) ’ 
which is again the Hilbert series for Sp( 1) instantons on C 2 /Z 3 with N = (1,0) and K = (1,1). 
Sp( 1) instanton: k = (1,1,2), and N = (1,0) 
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Using eq. (58) and unrefing we find that 


H[k= (1,2,1), <Sp(l),CP 2 /Z 3 ](i, 1,1) 


(l + f 6 )(l-f 3 + f 6 ) 
(l-t 3 ) 4 (l + f 3 ) 2 (l + f 3 + f 6 ) ’ 


which is again the Hilbert series for S'p(l) instantons on C 2 /Z 3 with N = (1,0) and K = (1,1). 


Sp( 1) instanton: k = (1,1, 2), and N = (0,1) 


Using eq. (|58|) and unrefing we find that 


H[k= (1,1, 2), t/(l),CP 2 /Z 3 ](t, 1,1) 


1 + t 6 + 2 t 9 + 2 t 12 + 2t 15 + t 18 + f 24 
(1 - t 3 ) 4 (l + t 3 ) 2 (1 + t 6 )(l + t 3 + *6)2 ’ 


which is again the Hilbert series for Sp( 1) instantons on C 2 /Z 3 with N = (0,1) and K = (1,1). 


Sp( 1) instanton: k= (1,2,1), and N = (0,1) 


Using eq. ([58]) and unrefing we find 


P[k=(l,2,l),C/(l),CP 2 /Z 3 ](f,l,l) 


1 + t 6 + 2 t 9 + 2 t 12 + 2 t 15 + t ls + t 24 

(l-t 3 ) 4 (l+t 3 ) 2 (l+f 6 )(l + t 3 + f 6 ) 2 ’ 


which is again the Hilbert series for Sp( 1) instantons on C 2 /Z 3 with N = (0,1) and K = (1,1). 


Sp( 1) instanton: k = (2, 1,1), and N = (1,0) 

Using eq. ( |58| ) and unrefing we find that 

P[k=(2,l,l),Pp(l),CP 2 /Z 3 ](t,l,l) = 

1 3 
= (1 - P) 6 ( 1 + P) 4 ( 1 + t 3 + t 6 )( 1 + t 3 + 2 1 6 + 2t 9 + 2U 2 + t 15 + t l 8)2 + 1 + 

+ 3 1 6 + 4 1 9 + 8 t 12 + 14t 15 + 19 f 18 + 23t 21 + 27 f 24 + 26t 27 + 27t 30 + palindrome + f 54 ) = 
= 1 + 4 1 6 + 21 9 + 131 12 + 14t 15 + 33t 18 + 42t 21 + 80t 24 + 104f 27 + o(t 27 ), 
which is the Hilbert series for Sp( 1) instantons on C 2 /Z 3 with N = (1,0) and K = (2,1). 


As shown in figm we can graphically summarize the relation between the symplectic CP 2 /Z 3 
instanton and its cousin on C 2 /Z 3 as the “merging” of the flavored pair of gauge nodes into a 
single node whose rank is the minimum among the “merging ones”. 

5.1.4 Sp(N ) instantons on CP 2 /Z 4 - VS 

Starting from the theory whose instanton branch describes instantons on CP 2 /Z 4 and applying 
the rules in [40] we obtain the theory for Sp(N ) instantons on CP 2 /Z 4 in the VS case. The 
corresponding quiver diagram is reported in fig |16[ while we summarize the transformations of the 
fields under the different groups in table [7] 

The branch of the moduli space that can be identified with Sp(N ) instantons on CP 2 /Z 4 
is the one on which A3 , 2 = 0, Si = 0 and S 3 = 0. The Hilbert series of the instanton branch 
corresponding to the VS theory with flavor symmetry Sp(Ni) x [/(A^) x S'p(V 3 ) and gauge ranks 
k = (& 4 , k- 2 - fc 3 , £ 4 ) is 

P[k,P,CP 2 /Z 4 ](t,a;,y,d,u) = J dp u(kl) (z) J dp u(k2) ( p) J dp u(k a) (w) 

f dpuik^M x PE [x Ql t 2 + XqJ 2 + Xq 3 t 2 + XqJ 2 + Xb\, t + XA\f + Xs| 3 i+ 

+ XB\t + XB\t + XsoJ 2 + XsJ 2 - XfJ 4 - XF 2 t 4 - XF 3 t 4 ], 
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Figure 15: Relation between the quiver diagram for Sp(N) instantons on CP 2 /Z 3 and the quiver 
diagram for Sp(N ) instantons on C 2 /Z 3 . In the figure the symbol D a denotes two fields trans¬ 
forming in the symmetric representation of the gauge group U(K 2 ) (however see [28] for more 
details). 


Bi 



Figure 16: Quiver diagram for VS symplectic instantons on CP 2 /Z 4 . 


where z, p, w and v are the fugacities of the U(k 1 ), U(k 2 ),U(k 3 ) and U{kn) gauge groups 
respectively while y,d and u denote the fugacities of the Sp{N\) flavour group, the U(N 2 ) flavour 
group and the Sp(N 3 ) respectively. The contributions of the various fields are 


ki k,2 k2 k$ 

Xb\ 2 = E E Vdv\ XA1 2 = E YPaWl 1 , 

a=lb=l a=lb=l 


Xs 4 = E 


l<a<b<k& 


VaVb, X F, = El<a<h< fcl 


k 3 ki 


xbj 3 = E E w «' v b 1 > 

a=lb=l 

XF 3 = El <a<b<k 4 V a V b > 
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Fields 

U(h) 

U(k 2 ) 

U(k 3 ) 

U(kt) 

Sp(N i) 

U(N 2 ) 

Sp(N 3 ) 

U( 1) 

2 

[1,0, ...,0]+i 

[0,...,0,1] + 1 

[0] 

[0] 

[0] 

[0] 

[0] 

1/4 


[0] 

[1,0...,0] +1 

[0,...,0,1] + 1 

[0] 

[0] 

[0] 

[0] 

1/2 

3 

[0] 

[0] 

[1,0...,0] + 1 

[0,...,0,1] + 1 

[0] 

[0] 

[0] 

1/4 

S 2 

[2,0, ...,0] 2 

[0] 

[0] 

[0] 

[0] 

[0] 

[0] 

1/2 

s 4 

[0] 

[0] 

[0] 

[2,0...,0] +2 

[0] 

[0] 

[0] 

1/2 

B\ 4 

[1,0,...,0] + 1 

[0] 

[1,0,...,0] + 1 

[0] 

[0] 

[0] 

[0] 

1/4 

B \2 

[0] 

[0.0,1] +1 

[0] 

[0,...,0,1] +1 

[01 

[0] 

[0] 

1/4 

Qi 

[l,0,...,0]+i 

[0] 

[0] 

[0] 

[1,0,....,0] 

[0] 

[0] 

1/2 

Q3 

[0] 

[0,...,0,1] +1 

[0] 

[0] 

[0] 

[1,0,..., Obi 

[0] 

1/2 

Q2 

[0] 

[0] 

[1,0,..., Oka 

[0] 

[0] 

[0,...,0,1] + 1 

[0] 

1/2 

Q4 

[0] 

[0] 

[0] 

[0,...,0,1] + 1 

[0] 

[0] 

[1,0,...,0] 

1/2 

Ft 

[0,1,0..., 0] + i 

[0] 

[0] 

[0] 

[0] 

[0] 

[0] 

1 

f 2 

[0] 

[0.0,1] + 1 

[1,0,...,0] + 1 

[0] 

[0] 

[0] 

[0] 

1 

f 3 

[0] 

[0] 

[0] 

[0,1,0,...,,Obi 

[0] 

[0] 

[0] 

1 


Table 7: Transformation of the fields for VS symplectic instantons on CP 2 /Z 4 . 


fcl ^3 &2 &4 &2 &3 

= E E *Bj 2 = E E^a 1 ^ 1 . Xs 2 = El<a<b< fcl Z ~a Z b\ XF 2 = E E P~a™b , 

a= 16=1 a=l 6=1 a=l 6=1 

kl JVi / ^ \ Af 2 fc 2 &3 Vj *4 Vi / J \ 

Xgi = E E -a % + — > Xg 3 = E E d iPb\ Xq 2 = E E Wad” 1 . X ?4 = E E ^ «> + - ■ 

a=l j=l V Vj / j=l 6=1 a=l»=l a=l z=l ' u i 1 

By explicit computation of the instanton branch Hilbert series for the theory with gauge group 

G = U (ki)xU (k 2 )xU (k 3 )xU (ki) and flavor group Sp(Ni)xU(N 2 )xSp(N 3 ) we find that it is equal 
to the Hilbert series for Sp(N ) instantons on C 2 /Z 4 with gauge group G = 0(Ki)x U(K 2 ) xO{K 3 ) 
and flavor groups Sp{N 1 ) x U(N 2 ) x Sp(N 3 ) (see [28] for more details) upon identifying 

Ki = h, K 2 = min(fc 2 , k 3 ), K 3 = k 3 . (61) 

Let us show some explicit examples supporting our claim. 


Sp( 1) instanton: k = (1,1,1,1), and N = (1,0,0) 


Using eq. (60) and unrefing we find that 


H[ k = (1,1,1,1), Sp(l),CP 2 /Z 4 ](t, 1) = 


1 + t 1 


(l-t 6 ) 4 ’ 

which is the Hilbert series for Sp( 1) instantons on C 2 /Z 4 with N = (1,0,0) and K = (1,1,1). 
Sp(l) instanton: k = (1, 1, 1, 1), and N = (0,1,0) 


(62) 


Using eq. (60) and unrefing we find that 


iL[k = (1,1,1,1), t/(l),CP 2 /Z 4 ](M) = 


1 + 4t 12 + t 24 
(l-f 6 ) 4 (l + t 6 ) 2 


which is the Hilbert series for Sp( 1) instantons on C 2 /Z 4 with N = (0,1,0) and K = (1,1,1). 


Sp( 1) instanton: k = (1,2,1,1), and N = (1,0,0) 


Using eq. (60) and unrefing we find again the expression (62). 
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Sp( 1) instanton: k = (1,1, 2,1), and N = (1,0,0) 


Using eq. (60) and unrefing we find again the expression (621. 


Sp( 1) instanton: k = (2,1,1,1), and N = (1,0,0) 


Using eq. (60) and unrefing we find that 


H[ k = (2,1,1,1), Sp(l),CP 2 /Z 4 ](t, 1) = 


1 + t 6 + 51 12 + 8 1 18 + 8t 24 + 81 30 + 51 36 +f 42 + f 48 
(l-f 6 ) 6 (l + t 6 )(l + f 6 + t 12 ) 2 


which is the Hilbert series for Sp( 1) instantons on C 2 /Z 4 with N = (1,0,0) and K = (2,1,1). 


We can graphically relate the symplectic VS CP 2 /Z 4 instantons with their cousin on C 2 /Z 4 as 

figED 


■C>24 



Figure 17: Relation between the CP 2 /Z 4 quiver gauge theory in the VS case and the corresponding 
C 2 /Z 4 quiver gauge theory. 


5.1.5 Sp(N ) instantons on CP 2 /Z 4 - NVS 

Let us now consider the second configuration, leading to the NVS case. The quiver diagram of 
the corresponding theory is reported in fig |18[ while the transformations of the fields and of the 
F-terms are summarized in table [U 

The branch of the moduli space that can be identified with Sp(N ) instantons on CP 2 /Z 4 
in the NVS case is the one on which A\ 3 = 0 and A\ 3 = 0. The Hilbert series of the instanton 
branch corresponding to the NVS theory with flavor symmetry U(Ni) x U(N 2 ) and gauge ranks 
k = (ki,k 2l k 3l k 4 ) is 
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Figure 18: Quiver diagram for NVS symplectic instantons on CP 2 /Z 4 . 


Fields 

U(k 1) 

U(k 2 ) 

U(k 3 ) 

U(k 4 ) 

U(Nt) 

U{N 2 ) 

U( 1) 

Af, 

[1,0, ...,0] + i 

[0,...,0,1] +1 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/2 

B\ 3 

[ 0 ] 

[1,0, ...,0] +1 

[0,...,0,1] +1 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/4 

4§3 

[ 0 ] 

[ 0 ] 

[1,0,...,0] + 1 

[0,...,0,1] + 1 

[ 0 ] 

[ 0 ] 

1/2 

S32 

[0,...,0,1] +1 

[ 0 ] 

[ 0 ] 

[1,0,...,0] +1 

[ 0 ] 

[ 0 ] 

1/4 

Si 

[2,0...,0]_2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/4 

5 2 

[ 0 ] 

[2,0,..., 0]+2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/4 

S 3 

[ 0 ] 

[ 0 ] 

[2,0,.... 0]_2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/4 

s 4 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[2,0,..., 0] +2 

[ 0 ] 

[ 0 ] 

1/4 

9 i 

[ 0 ] 

[1,0, ...,0] + i 

[ 0 ] 

[ 0 ] 

[0,...,0,1] +1 

[ 0 ] 

1/2 

12 

[0,...,0,1] + 1 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[1,0,...,0] +1 

[ 0 ] 

1/2 

Q 3 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[1,0.0] +1 

[ 0 ] 

[0,...,0,1] +1 

1/2 

<u 

[ 0 ] 

[ 0 ] 

[0,...,0,1] +1 

[ 0 ] 

[ 0 ] 

[1,0,...,0] +1 

1/2 

Fi 

[0.0.1]., 

[1,0, ...,0] +1 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1 

F -2 

[ 0 ] 

[ 0 ] 

[0,...,0,1] +1 

[1,0,...,0] +1 

[ 0 ] 

[ 0 ] 

1 


Table 8: Transformation of the fields for NVS symplectic instantons on CP 2 /Z 4 . 


P[k,P,CP 2 /Z 4 ](t,a;,y,d) = J d/j, u(kl) (z) J d/j, u(k2) ( p) J y( fc3 )(w)x 

J d^ U{ki) (w) X PE[x gi < 2 + Xq 2 P + Xq 3 t 2 + XqJ 2 + XbI 3 t + XA^t 2 + XA% 3 t 2+ 

+ XbiJ + X§ 1 t + Xs 2 t + XsJ + XsJ ~ XfJ 4 - XF 2 i 4 ] , 
where z, p, w and v are the fugacities of the U(ki), {/(fe), U(k 3 ) and [/(/c 4 ) gauge groups 
respectively, while y and d denote the fugacities of the U(Ni) flavor group and the U(N 2 ) flavor 
group respectively. The contributions of the various fields are given by 

k 1 &2 

XS 4 = El<a<fe<fe 4 V “ Vb ’ Xfi = EE Pb z a\ XF 2 = E E W ~a V b > 

a=l6=1 a=l6=1 

X§1 “ El<o<fe<fei ^ ’ ~*.S 2 “ El<o <b<k 2 P a P b ’ X§ 3 - El<o<b<fe 3 ’ 

Ni All A/ - ! Al4 JV 2 A?3 AT 2 

= E E^E, xq 2 = E E 2 aV> x 93 = E E xg 4 = E E » 

a=l i=l a=li=l a=lj=l a=lj=l 
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fci k <2 k <2 k$ k 3 ^4 fcj /04 

XA? x = Z Z ^Pb 1 , Xs| 3 = Z Z P« W 6 1 1 XA§ 3 = Z Z w aVb \ Xb1 2 = Z Z • 

a= 16=1 a=l6=1 a=l6=1 a=l6=1 

Explicit computation of the instanton branch Hilbert series with gauge group G = U(k\) x 
P(fc 2 ) x U{k 3 ) x t/(fc 4 ) and flavor group U(Ni) x U(N 2 ) shows that it coincides with the Hilbert 
series for Sp(N) instantons on C 2 /Z 4 with gauge groups G = U(Ki) x U{K 2 ) and flavor groups 
U(Ni) x U(N 2 ) (see [28] for more details) upon the identification 


Ki = min(fc 1 , k 2 ) , K 2 = min(fc 3 , fc 4 ) . 
Let us show a few explicit examples. 


(64) 


Sp(l) instanton: k = (1,1,1,1), and N = (1,0) 


Using eq. (63) and unrefining we find that 


P[k=(l,l,l,l),[/(1),CP 2 /Z 4 ](t,l) = 


1 - t 3 + 2t 9 -1 15 + t 18 


(1 - f 3 ) 4 (l + f 3 ) 2 (l + t 3 + t e + t 9 +1 12 ) ’ 
which is the Hilbert series for Sp(l) instantons on C 2 /Z 4 with N = (1,0) and K = (1,1). 


(65) 


Sp( 2) instanton: k = (1,1,1, 1), and N = (1,1) 

Using eq. ( |63| ) and unrefining we find that 

H [k = (1, 1, 1, 1), U(l) x [7(1),CP 2 /Z 4 ](f, 1, 1) = 

_ 1 + 2f 6 + 3 1 9 + 8t 12 + lit 15 + 13t 18 + 12f 21 + 13t 24 + lit 27 + 8t 30 + 3t 33 + 2 f 36 +1 42 
(1 - t 3 ) 6 (l + t 3 ) 2 (l + f 3 + t 6 ) 3 (l +t 3 + 2 1 6 + 2 1 9 + 2t 12 + t 15 + f 18 ) 

which is the Hilbert series for Sp( 2) instantons on C 2 /Z 4 with N = (1,1) and K = (1,1). 


Sp( 1) instantons: k = (1,2,1,1), and N = (1,0) 


Using eq. (63) we find again the expression (65). 


Finally, in figJTu] we graphically show the relation between symplectic NVS instantons on 
CP 2 /Z 4 and their cousins on C 2 /Z 4 . 


5.1.6 Sp(N ) instantons on CP 2 /Z„ with n> 4 

Let us now consider the generic case of instantons on Z n orbifolds of CP 2 with n > 4. Based on 
the previous examples, we can extract the generic pattern of both the quiver as well as the relation 
between the symplectic instanton on CP 2 /Z„ with its relative on C 2 /Z ra . 

Recall that N is the sum of the ranks of the flavor groups in the ADHM quiver, while the ranks 
of the gauge groups is related to instanton number and, together with the relative flavor ranks, to 
other possible quantum numbers labelling the instanton. Unfortunately the precise identification 
between quiver data and instanton data is not know. 

Sp(N) instantons on CP 2 /Z 2n+1 


Elaborating on the previous examples, we conjecture that the theory describing symplectic in¬ 
stantons on CP 2 /Z 2n+ i is related to its counterpart on C 2 /Z 2n +i as in fig 31 Moreover, while the 


flavor groups continue to be the same, the ranks of the gauge groups are related in the following 
way 

A'i = fci, K 2 = min(fc 2 ,fc 3 ), K 3 = min(fc 4 , fc 5 ), ... K n+1 = mm(k 2n ,k 2n +i) . (66) 
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Figure 19: Relation between the CP 2 /Z 4 quiver gauge theory in the NVS case and the correspond¬ 
ing C 2 /Z 4 quiver gauge theory. Where .Di,D 2 are two fields in the symmetric representation of 
the gauge group U(K±), while Pi,P 2 are two fields in the symmetric representation of the gauge 
group U(K 2 ) (however see [28] for more details regarding the C 2 /Z 4 theory). 


Sp(N) instantons on CP 2 /Z 2n - VS 

Elaborating on the lowest n cases, we can extrapolate both the quiver for VS symplectic in¬ 
stantons on CP 2 /Z 2 „ and their relation to their cousins (of course, VS) on C 2 /Z 2n as shown in 
fig|32| Moreover, while flavor nodes remain the same, the gauge rank identification is as follows 

K 1 = ki, I< 2 = min(fc 2 ,fc 3 ), ... PT„_i = min(fc 2 „_ 2 , k 2n -i), K n = k 2n ■ (67) 


Sp(N) instantons on CP 2 /Z 2n - NVS 


Elaborating on the lowest n cases, in this case we can extrapolate both the quiver for NVS 
symplectic instantons on CP 2 /Z 2n and their relation to their cousins (of course, NVS) on C 2 /Z 2n 
as shown in fig 33 Moreover, while flavor nodes remain the same, the gauge rank identification is 
as follows 


A'i = min(fci, fc 2 ), K 2 = min(fc 3 , fc 4 ), ... K n = min(fe 2n _ 1 , k 2n ). (68) 


It is interesting to note that the “merging nodes” are those going over, in the C 2 /Z n parent, 
to unitary gauge groups. In turn, in the parent C 2 /Z ra , these are the nodes admitting a blow-up 
mode through the FI parameter. It would be interesting to have a deeper understanding of these 
facts, as well as the topological data characterizing Sp instantons on CP 2 /Z n . 
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6 SO(N) instantons on CP 2 and its orbifolds 

We now turn to the case of orthogonal instantons on CP 2 and its orbifolds. As described in [13] . 
the ADHM construction for orthogonal instantons can be embedded into a 3 d gauge theory which, 
in 3d N - 2 language, contains a U(2k) vector multiplet as well as one chiral multiplet S in the 
symmetric 2-index tensor representation of the gauge group and three chiral multiplets Ai, A 2 , A 
in the antisymmetric 2-index tensor representation of the gauge group. The corresponding quiver 
is shown in fig[20j Note that the total flavor rank corresponds to N, while the gauge ranks -as 
well as the relative configurations of flavor ranks- correspond to instanton number and other data 
specifying the instanton. 



Figure 20: Quiver diagram for SO(N ) instantons on CP 2 . 


In turn, the superpotential reads 


W = e a/3 (A a ) ab A bc (A p ) cd S da + S ab Q l a b My , 

being M given by 


M SO{2N) 


0 

liVxJV 



M SO(2N+l) 


0 IatxJV 0 ' 

IjVxiV 0 0 

0 0 1 , 


(69) 


(70) 


As shown in |14j, the construction of orthogonal instantons on CP 2 can be embedded into that 
of a parent orthogonal instanton on C 2 . As a consequence, the Hilbert series of the instanton on 
CP 2 /Z n matches that of its counterpart on C 2 . 


6.1 Resolved moduli space for orthogonal instantons 

The gauge group in the ADHM construction of orthogonal instantons on CP 2 is U(2k). However, 
as shown in nau can be a half-integer while the Hilbert series is only sensitive to [fcj, that is, the 
largest integer which is smaller or equal to k. In fact, it was conjectured that the instantons are 
distinguished by their second Stiefel-Whitney class written as 2(k -[k\). From this perspective, 
it is also natural to expect a notion of “resolved moduli space” - resolved, as in the unitary case, 
in the sense that these extra directions associate to other quantum numbers are discerned-. 

In order to explore the possibility of such resolved moduli space, following the example set by 
the unitary case, let us consider the simplest case where such extra directions are present. Since 
the instanton number was conjectured to be [fcj, the analogous for orthogonal instantons to the 
case of a unitary instanton with fci = 0 as discussed in section 


3.1 


is fc = - 5 , corresponding to a 


[/(1) gauge theory. Such theory does not have the antisymmetric matter and, on the instanton 
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branch, S' = 0. Therefore the theory only contains the Q’s out of which no gauge invariant can be 
constructed. Hence, very much like the Grassmanian, we find a extra compact manifold associated 
to the extra directions labelled in this case by the Stiefel-Whitney class. Just like in the unitary 
case, we can imagine resolving these directions by ungauging the U( 1) global symmetry. It is 
then straightforward to compute the instanton branch Hilbert series, which, upon unrefining the 
SO(N ) labels, reads 


Interestingly, this can be written as 


HS = 


1 + t 

(1 - t )*- 1 ' 


(71) 


HS (1 -t)^ 1 (l-t) N ~ 2 ’ ^ 

which is the Hilbert series for two meeting at a C^ -2 . This is a dimension N - 1 manifold 

analogous to the cone over the Grassmanian in the unitary case. Note that the dimension of the 
resolved moduli space is 2 k (IV- 2), while that seen by the Hilbert series is 2 [fcj (IV- 2) [13] . Hence 
the difference is 2 (N - 2) (fc - [fcj). Particularizing to the case k - \ this is an IV - 2 dimensional 
compact manifold. Then, the complex cone over it is a N - 1 complex dimensional manifold, just 
as we have found. 

Note that the case of symplectic instantons does not admit a similar construction. For example, 
in the quiver in fig[9] the instanton branch appears upon setting to zero an antisymmetric field 
while keeping the symmetric fields. Hence the theory is never empty of gauge invariant operators, 
as it happens in the case of unitary and orthogonal instantons, therefore suggesting that no 
compact directions exist in that case. 


6.2 Constructing SO(N) instantons on CP 2 /Z n 

Let us now turn to the construction of orthogonal instantons upon orbifolding the base space. In 
view of the ALE case, and following the symplectic instanton case in section [5] we construct the 
theories whose instanton branch describes orthogonal instantons on CP 2 /Z n by first orbifolding 
and then orientifolding the unitary instanton case following the rules in [30] and in 33] ■ As for 
symplectic instantons, we have qualitatively different situations depending on whether n is even 
or odd: 

• If n is odd we have only one type of quiver diagram, corresponding to the fact that we have 
only one inequivalent way to cut the quiver diagram with a line. 

• If n is even we have two types of quiver gauge theories corresponding to two possible 
inequivalent ways in which we can cut the quiver diagram with a line. Inspired by the ALE 
case, we will refer to theme as the VS case and the NVS case respectively. 

Also in this case there can be hybrid configurations associated with one choice for the values 
of the signs implementing the orientifold prescription. As above, we restrict our analysis to the 
configuration of signs corresponding to the quantum field theory whose instanton branch describes 
orthogonal instantons on CP 2 /Z n which, for the case of even n, are either VS or NVS. Just as 
in the other cases, the rank of the SO(N ) bundle corresponds to the sum of flavor ranks in the 
ADHM quiver. The rest of the ADHM data corresponds to other data specifying the instanton. 


6.2.1 SO(N ) instantons on CP 2 /Z 2 - VS 

Starting from the CP 2 /Z 2 and applying the rules in [40] we obtain the theory for SO(N ) instantons 
on CP 2 /Z 2 . The corresponding quiver diagram is reported in fig' 
transformations of the fields under the different groups in table [9] 


21 


while we summarize the 
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Figure 21: Quiver diagram for VS orthogonal instantons on CP 2 /Z 2 . 


Fields 

U(2ki) 

U{2k 2 ) 

SO(N 0 

SO{N 2 ) 

SU(2) 

U(l) 

ii 

[ 0 , 1 , 0 ..., 0]_2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/2 

Si 

[ 2 , 0 ,..., 0]_ 2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/2 

A -2 

[ 0 ] 

[ 0 , 1 , 0 , ..., 0] +2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/2 

S -2 

[ 0 ] 

[ 2 , 0 , ..., 0] +2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/2 

B j 

[ 1 , 0 ,..., 0] + 1 

[ 0 ,..., 0 , 1] +1 

[ 0 ] 

[ 0 ] 

[ 1 ] 

1/4 

Qi 

[ 1 , 0 ,..., 0] + 1 

[ 0 ] 

[ 1 . (>1 

[ 0 ] 

[ 0 ] 

1/2 

Q 2 

[ 0 ] 

[ 0 ,..., 0 , 1] +1 

[ 0 ] 

[ 1 , 0 ,..., 0 ] 

[ 0 ] 

1/2 

Pi 

[ 2 , 0 ,.... 0] +2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1 

P 2 

[ 0 ] 

JO 

0 

| Q | 

1 

to 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1 


Table 9: Transformations of the fields for VS orthogonal instantons on CP 2 /Z 2 . 


The branch of the moduli space that can be identified with SO(N ) instantons on CP 2 /Z 2 is 
the one on which Si = 0 and S 2 = 0. The Hilbert series of the instanton branch corresponding the 
VS theory with flavor symmetry SO(Ni) x SO(N 2 ) and gauge ranks k = (ki,k 2 ) is 

P[k,F,CP 2 /Z 2 ](i,a:,y,d) = J d/j, ui2kl) (z) J d^ u(2k2) (p)x 

PE[xa 2 P + Xa/ + XB j t + XQit 2 + XQoJ 2 ~ XFit 4 - XF 2 t 4 ] , 

where z and p are the fugacities of the U(2ki) and U{2k 2 ) gauge groups respectively while y and 
d denote the fugacities of the SO(Ni) and SO(N 2 ) flavor groups. Finally x is the fugacity of the 
SU{2) symmetry acting on the Bj doublet. The contribution of each field is given by 


S }h<a<b< 2 k 1 ZaZb ' X - f 2 '^l<a<b< 2 k 2 Pa Pb 


Xa 2 = E 


\ 2&i 2k 2 

X + ~ ) S S Za Pb 5 

x f a=l 6=1 


l<a<b<2k 2 1 


XQi = 


2fei \ 

E p 

a= 1 J 


Nl/2 / 1 \ 

E \Vi + even > 

(JVx-l)/2 XQ 2 = 

1 + E [Vi + -) Ni odd, 


2 fc 2 \ 

Eft 1 > 

6=1 / 


N2/2 / 1 \ 

E [di+ j~J N 2 even, 

(JV 2 -l)/2 

1 + E [di + J-J iV 2 odd. 


Explicitly computing the Hilbert series with gauge group G = U( 2 ki)x U (2 k 2 ) and flavor group 
SO(iVi) x SO{N 2 ) for the moduli space of instantons on CP 2 /Z 2 shows that it is equal to the 
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Hilbert series for Sp(N) instantons on (C 2 /Z 2 with gauge group G = Sp(Ki) x Sp{K 2 ) (see [28] 
for more details) upon identifying 


A'i = k \, K 2 = k 2 . 


(74) 


Let us show a few explicit examples. 

SO{ 5) instanton: k= (1,1) and N = (2,3) 


Using eq. (73) and unrefining we find that 


H[k = (1,1),50(2) x 50(3),CP 2 /Z 2 ](f, 1,1,1) = 


1 - t 3 + 5f 6 + 4f 9 + 4t 12 + At 15 + 5f 18 - t 21 + t 24 


(l-f 3 ) 6 (l + f 3 ) 2 (l + t 3 + f 6 ) 3 
which is the Hilbert series for SO( 5) instanton on C 2 /Z 2 with K = (1, 1) and N = (2,3). 
SO(6 ) instanton: k = (1, 1) and N = (3,3) 


Using eq. (73) and unrefining we find that 


H[k = (1,1), S'0(3)x50(3),CP 2 /Z 2 ](f, 1,1,1) = 


1-2 t 3 + 8 1 6 + 5f 12 + 12t 15 + 5t 18 + 8f 24 - 2 1 27 + t 30 
(l-t 3 ) 8 (l + t 3 ) 2 (l + t 3 + t 6 ) 4 


which is the Hilbert series for 50(6) instanton on C 2 /Z 2 with K = (1, 1) and N = (3,3). 


6.2.2 SO(N ) instantons on CP 2 /Z 2 - NVS 

Let us now consider the case of orthogonal NVS instantons on CP 2 /Z 2 upon choosing the other, 
non-equivalent, way to cut the quiver diagram. The quiver diagram of the corresponding theory 
is reported in fig |22[ while the transformations of the fields and of the F-term are summarized in 
table [lO] 



A\ A\ 

Figure 22: Quiver diagram for NVS orthogonal instantons on CP 2 /Z 2 . 


The branch of the moduli space that can be identified with SO(N) instantons on CP 2 /Z 2 is 
the one on which A\ x = 0. The Hilbert series of the instanton branch corresponding to the NVS 
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Fields 

U{2k\) 

U{2k 2 ) 

U(N) 

SU (2) 

£ 7 ( 1 ) 

Ai,A 2 

[0,1,0..,0] 2 

[0] 

[0] 

[1] 

1/4 

Ai,A 2 

[0] 

[0,1,0,. 

0]+2 

[0] 

[1] 

1/4 

A 2 U 

[1,0,...,0] +1 

[0,0,.. 

,1]+1 

[0] 

[0] 

1/2 

q 

[0] 

[1,0,.. 

,0] + i 

[0,0, ..,1] 

[0] 

1/2 

Q 

[0,...,0,1] +1 

[0] 

[1,0, ...,0] 

[0] 

1/2 

F 

[0 . 0 ,1] +1 

[1,0,.. 

,0] + i 

[0] 

[0] 

1 


Table 10: Transformations of the fields for NYS orthogonal instantons on CP 2 /Z 2 . 


theory with flavor symmetry U(N) and ranks k = (ki,k 2 ) is 

H[k,F,CP 2 /Z 2 \(t,x,y) = [ diJ , u(2kl) ( z ) f d/dy(2fc 2 )(p) x 

J J (75) 

+ XAj t + XAjJ 2 + XQt 2 + Xqt 2 ~ Xf^] , 

where z and p are the fugacities of the U(2k\) and U(2k 2 ) gauge groups respectively while y 
denote the fugacity of the U(N ) flavor group. Finally x is the fugacity of the SU(2) acting on 
the Ap and on the A a doublets. The contribution of each field is given by 

XAj - ^ + —) Yll<a<b<2k2 P°P b ’ XA t = { X + Sl<a<6<2fci Z a Z b > 

2fci 2 k 2 N 2 kt N 2 k 2 22 k 2 

XA?, = E E XQ = EE Z ~aV '*> X ? =EE PbV J 1 , XF = £ E ~/Vb • 

a=l6=1 2=1a=l j=l6=1 a=l6=1 

The explicit computation of the instanton branch Hilbert series with gauge group G = U{2k\) x 
U{2k 2 ) and flavor group U(N) shows that it coincides with the Hilbert series for SO(N ) instantons 
on (C 2 /Z 2 with gauge group G = U(2K 1 ) (see [5Sj for more details regarding the C 2 /Z 2 Hilbert 
series) upon setting 

Ki = min(fci, fc 2 ) • (76) 

Let us show explicit examples supporting our claim. 

SO( 6) instanton: k = (1,1) and N = 3 

Using eq.( |75[ ) and unrefining we find that 

H[ k = (1,1), P(3),CP 2 /Z 2 ](t, 1,1,1,1) = 

_ 1 + 2 1 3 + 9 1 6 + 24 1 9 + 501 12 + 76t 15 + 108t 18 + 120f 21 + 108t 24 + palindrome + ... + t 42 
' (l-f 3 ) 8 (l + t 3 ) 6 (l + t 3 + t 6 ) 12 ’ 

which is the Hilbert series for SO( 6) instanton on C 2 /Z2 with K = (1,1) and N = 3. 

SO( 8) instanton: k = (1,1) and N = 4 

Using eq.( |75[ ) and unrefining we find that 

H[ k = (1,1), U(4),CP 2 /Z 2 ](t, 1,1,1,1,1) = 

= 7-7-777--7(777-7-7—7 (1 + 2f 3 + 14i 6 + 44t 9 + 123t 12 + 272< 15 + 546t 18 + 886t 21 + 

(1 - t 3 ) 12 (l + t 3 ) 8 (l + t 3 + t 6 ) 18 

+ 1259i 24 + 1544t 27 + 1678t 30 + palindrome + ... + t 60 ), 
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which is the Hilbert series for SO(8 ) instanton on C 2 / Z2 with K = (1,1) and N = 4. 


We graphically summarize in hg 23 the relation between the NVS orthogonal instanton on 
CP 2 /Z2 and its cousin on C 2 /Z2. 



Figure 23: Relation between the CP 2 /Z2 quiver gauge theory in the NVS case (on the left) and 
the corresponding C 2 /Z2 quiver gauge theory (on the right). Where Lp are two fields in the 
antisymmetric conjugate representation of the gauge group U(2Ki). While L a are two fields in 
the antisymmetric representation of the gauge group of the gauge group U(2I<i) (see [25] for more 
details). 


6.2.3 SO(N) instantons on cp 2 /z 3 


In this case there is only one inequivalent choice of the orientifold action. We report in fig 24 


the quiver diagram of the corresponding field theory, while we summarize the fields and F-terms 
transformations in table EU 



Figure 24: Quiver diagram for SO(N) instantons on CP 2 /Z 3 . 


The branch of the moduli space that can be identified with SO(N) instantons on CP 2 /Z 3 is 
the one on which A 22 = 0 and S 1 = 0. The Hilbert series of the instanton branch corresponding to 
a theory with flavor symmetry SO(Ni) xU(N 2 ) and gauge ranks k = (fci, k 2l fc 3 ) is 


P[k,P,CP 2 /Z 3 ](f,:r,y,d) = J d^u( 2fc!)(z) /*WP) f ^C/(2fc 3 )( W ) X 
PE [x qi t 2 + XgoJ 2 + Xg 3 t 2 + XB* 2 t + XAlJ 2 + XB\t + XaJ 2 + XaJ + XA 3 t - XfJ 4 - Xf 2 * 4 ] , 


(77) 
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Fields 

U(2ki) 

U (2fc 2 ) 

U(2ks) 

SO(Ni) 

U(N 2 ) 

17 ( 1 )* 

F(l) 

Qi 

[l,0,...,0] + i 

[0] 

[0] 

[1.0, —,0] 

[0] 

[0] 

1/2 

Q3 

[0] 

[0] 

[1,0,...0] + 1 

[0] 

[0,...,(). 1] + 1 

[0] 

1/2 

Q2 

[0] 

[0,...,0,1]+1 

[0] 

[0] 

(1.0 . 0 ;. 

[0] 

1/2 

Bl 2 

[1,0,...,0] + 1 

[0,...,0,1]+1 

[0] 

[0] 

[0] 

[0] 

1/4 

^2 

[0] 

[1,0,...,0] + 1 

[0 . 0 , 1]+1 

[0] 

[0] 

[0] 

1/2 


[1,0,...,0] +1 

[0] 

[1,0, ...,0] +1 

[0] 

[0] 

[0] 

1/4 

-A-l 

[0,1,0, ...,0]2 

[0] 

[0] 

[0] 

[0] 

[0] 

1/2 

A 2 

[0] 

O 1 

o 

0 " 

[0] 

[0] 

[0] 

1/x 

1/4 

^3 

[0] 

[0] 

[0,1,0, ...,0] +2 

[0] 

[0] 

X 

1/4 

Fi 

Eo 

0 

| Q | 

+ 

to 

[0] 

[0] 

[0] 

[0] 

[0] 

1 

f 2 

[0] 

[0,...,0,1] +1 

[1,0, ...,0] +1 

[0] 

[0] 

[0] 

1 


Table 11: Transformations of the fields for SO(N) instantons on CP 2 /Z 3 . 


where z, p and w are the fugacities of the U(2ki), U{2k 2 ) and C/(2fc 3 ) gauge groups respectively, 
while y denote the fugacity of the SO(N 1 ) flavor group and d the fugacity of the U(N 2 ) gauge 
group. Finally x is the fugacity of the U(l) x symmetry acting on A 2 and A 3 . The contribution 
of each held and of the F-terms are 


2 ki 2 k 2 2 k 2 2&3 2 ki 2 ks 

Xb\ 2 = E XA| 2 = E YsPaWl 1 , Xb]. a = E E Z «’ W b; XF 1 ='Zl<a<b< 2 k 1 Z °- Z b’ 


a=lb=l 


a= 16=1 


a= 1 6=1 


2fci 

x 9 i = E ^ x 


N 1/2 / , V 

£ (2/i + — I A^i even, 2 fc 3 iv 2 2 fc 2 iv 2 

^ =1 (Ni-l)/2 . . X 92 = E E X ? 3 = E EPa 1 ^-, 

1+ E y t + i A', Odd, 6=14=1 a=l4=1 

i =1 v yt 7 




l<a<6<2fci a 


1 7" 1 
-^6 > 


xx 


= E 


l<a<b< 2 k 2 


PaPb 1 X \ 


XA 3 = E 


l<a<b< 2 ks 


2 k 2 2 k 3 

W a W b X, XF 2 = E YjP~a W b- 

a= 1 6=1 


By explicitly evaluating the Hilbert series with gauge group G = U(2ki)xU(2k 2 ) x t/(2fc 3 ) and 
flavor group SO(Ni) x U(N 2 ) for the moduli space of instantons on CP 2 /Z 3 we find it to be equal 
to the Hilbert series for SO(N) instantons on C 2 /Z 3 with gauge group G = Sp(Ki) x U{2K 2 ) and 
flavor groups SO{N \) x U{N 2 ) (see [28] for more details) with the identihcation 


K\ = fci, K 2 = min(fc 2 , fc 3 ) ■ 

Supporting our claim, we show a few explicit examples. 


(78) 


SO( 5) instanton: k = (1, 1, 1), and N = (3,1) 

Using eq. © and unrehng we find that 

H [k = (1,1,1), 50(3) x [/(l),CP 2 /Z 3 ](f, 1, 1,1) = 

r (l + f 3 + 4f 6 + 9f 9 + 18t 12 + 25f 15 + 33t 18 + 


1 


(1 - P) 6 ( 1 + P) 4 ( 1 + t 6 ) 2 (l +1 3 + f 6 ) 3 
+ 30f 21 + 33f 24 + palindrome + ... + f 42 ), 

which is the Hilbert series for 50(5) instantons on C 2 /Z 3 with N = (3,1) and K = (1,1). 
50(5) instanton: k= (1,1,1), and N = (1,2) 


47 
























Using eq. © and unrefing we find that 

H[ k = (t, 1,1, 1 ), PO(2)x[/(l),CP 2 /Z 3 ](f, 1 , 1 , 1 ) = 


1-2f 3 + 5t 6 - 2 1 9 + 6 f 12 - 2f 15 + 5f 18 - 2t 21 + f 24 
(1 - t 3 ) 6 (l + t 6 )(l + 2 f 3 + 2 i 6 + t 9 ) 2 

which is the Hilbert series for SO( 5) instantons on C 2 /Z 3 with N = (1,2) and K = (1,1). 

We can as well graphically summarize the relation between the orthogonal instanton on CP 2 /Z 3 


and its cousin on C 2 /Z 3 as in fig. 25 


SOfJV,) 


{Sp(K i)V 



Xi a 

- 



V12 


j 

U(N 2 ) 

Yo! 



Figure 25: Relation between the quiver diagram for SO(N ) instantons on CP 2 /Z 3 and the quiver 
diagram for SO(N ) instantons on C 2 /Z 3 . Being _D a two fields transforming in the antisymmetric 
representation of U{2K 2 ) gauge group (see [28] for more details). 


6.2.4 SO(N ) instantons on CP 2 /Z 4 - US' 

Starting from the theory for unitary instantons on CP 2 /Z 4 and applying the rules in [40] [41] we 
obtain the theory for SO(N ) instantons on CP 2 /Z 4 in the VS case. The corresponding quiver 
diagram is reported in fig |26[ while we summarize the transformations of the fields under the 
different groups in table [I 2 | 

The branch of the moduli space that can be identified with Sp(N ) instantons on CP 2 /Z 4 
is the one on which A \ 2 - 0 , A\ = 0 and A 3 = 0. The Hilbert series of the instanton branch 
corresponding to the VS theory with flavor symmetry SO(iVi) x U(N 2 ) x SO(N 3 ) and gauge ranks 
k = (fci,fc 2 ,fc 3 ,fc 4 ) is 

P[k,P,CP 2 /Z 4 ](<,x,y,d,u) = J dp u(2kl )(z) J dp u{ 2fc2 )(p) J d/V/(2fc 3 )( w ) x 
J 2 fc 4 )(v) X PE [x qi t 2 + Xq 2 t 2 + Xq 3 t~ + XqJ 2 + XB^t + XA\^ + XB^^ 

Xb^ + XbiJ + XA 2 t2 + XA 4 t 2 - Xi=\t 4 - Xb 2 * 4 - XF 3 t 4 ], 

where z, p, w and v are the fugacities of the U(2k±), U(2k 2 ), U(2k 3 ) and U( 2 k 4 ) gauge groups 
respectively while y and d denote the fugacities of the SO(Ni) flavor group ,of the U{N 2 ) flavor 
group and of the SO{N 3 ) flavor group respectively. The contributions of the various fields are 

2 k± 2 k 2 2 k 2 2 ks 2 k% 2 k 4 

XBl 2 = Z E z *P b S XA! 2 = Z Z PaWl 1 , Xs| 3 = Z Z Xa 2 = Zl<a<b<2 fcl Z a' Z b\ 

a=l 6=1 a= 16=1 a= 16=1 
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Ai A4 


Figure 26: Quiver diagram for VS orthogonal instantons on CP 2 /Z 4 . 


Fields 

U(2ki) 

U(2kn) 

U( 2 k 3 ) 

U( 2 ki) 

SO(N 1 ) 

U(N 2 ) 

SO(Ns) 

U( 1) 

Bh 

[1,0,...,0] +1 

[0,...,0,1] +1 

[0] 

[0] 

[0] 

[0] 

[0] 

1/4 

a 2 22 

to] 

[l,0-,0] + i 

[0,...,0,1] +1 

[0] 

[0] 

[0] 

[0] 

1/2 

bI 3 

to] 

[0] 

[1,0...,0] + 1 

[0,...,0,1] + 1 

[0] 

[0] 

[0] 

1/4 

A.2 

[0,1,0...,0]2 

[0] 

[0] 

[0] 

[0] 

[0] 

[0] 

1/2 

A4 

to] 

[0] 

[0] 

0 

p 

0 

+ 

[0] 

[0] 

[0] 

1/2 

B\ 4 

[1,0,...,0] + 1 

[0] 

[1,0,...,0] + 1 

[0] 

[0] 

[0] 

[0] 

1/4 

-^32 

[0] 

[0,...,0,1] +1 

[0] 

[0,...,0,1] +1 

[0] 

[0] 

[0] 

1/4 

9l 

[1,0,...,0] +1 

[0] 

[0] 

[0] 

[1.0, .-,0] 

[0] 

[0] 

1/2 

93 

to] 

[0,0, l]+i 

[0] 

[0] 

[0] 

[1,0,...,0] + 1 

[0] 

1/2 

92 

[0] 

[0] 

[1,0,...,0] +1 

[0] 

[0] 

[0,...,0,1] +1 

[0] 

1/2 

94 

[0] 

[0] 

[0] 

[0,...,0,l] + i 

[0] 

[0] 

[ 1 , 0 ,-.0] 

1/2 

A 

[2,0..., 0] +2 

[0] 

[0] 

[0] 

[0] 

[0] 

[0] 

1 

b 2 

[0] 

[0,...,0,1] +1 

[1,0,...,0] + 1 

[0] 

[0] 

[0] 

[0] 

1 

P 

[0] 

[0] 

[0] 

to 

0 

0 

[0] 

[0] 

[0] 

1 


Table 12: Transformation of the fields for VS orthogonal instantons on CP 2 /Z 4 . 


2fci 

Xqi = E * 


a= 1 


N1 ' 2 / 1 \ 

Z [yi + —) Nr even, n 2 ik 2 ik 2 2 k 4 

(JVi—1)/2 . X© “EE ^ jPb ) HB32 “ E E Pa W b ) 

1+ Z (s/i + ^r) JVi odd, *= 16=1 0=16=1 

i=l v ' 

Nsl2 ( 1 \ 

2fei 2 fc 3 2 fe 3 jv 2 2 /c 4 Z ^2/i + — j N 3 even, 

Xs| 4 = E E Z °- W ^ Xq 2 = E E^i 1 . X94 = E ^a 1 x i=1 (N 3 -l)/2 . 

0=16=1 0=11=1 0=1 1+ Z (yi + ^) n 3 odd, 

i=1 ' ' 


2k 2 2fc 3 

XA 4 - El<a<b<2fc 4 U a^6, X-Fi - El<a<b<2fci Z “^b 5 X-F 2 E E Pa H’b, XB 3 - El<o<b<2t 4 ^ ' 

a=lb=l 

By computing the Hilbert series with gauge group G = U{2k\) xU(2k 2 ) xU(2k 3 ) x 17 ( 2 / 04 ) and 
flavor group SO(iVi) x U(N 2 ) x SO(N 3 ) we find that it turns out to be equal to the Hilbert series 
for SO(N ) instantons on C 2 /Z 4 with gauge group G = Sp{K\) x U(2K 2 ) x Sp(K 3 ) and flavor 
groups SO(iVi) x U(N 2 ) x SO(N 3 ) (see [28] for more details) with the identification 


Jvi = fei, A 2 = min(fc 2 , A; 3 ) , AT 3 = fc 4 . 


(80) 
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Let us now show a few explicit examples. 


SO( 6) instanton: k = (1,1,1,1), and N = (2,0,4) 


Using eq. (79) and unrefing we find that 

H[ k = (1,1,1,1), 50(2) x 50(4),CP 2 /Z 4 ](f, 1,1) = 

_ 1 + 4f 6 + 22f 12 + 36i 18 + 54t 24 + 36t 30 + 22 1 36 + 4f 42 + f 48 
' (l-f 3 ) 8 (l + f 3 ) 8 (l + f 6 ) 4 ’ 

which is the Hilbert series for 50(6) instantons on C 2 /Z 4 with N = (2,0,4) and K = (1,1,1). 

50(6) instanton: k = (1,1,1,1), and N = (2,1,2) 

Using eq. (|79|) and unrefing we find that 


H[k= (1,1,1,1),50(2) x U( 1) x 50(2),CP 2 /Z 4 ](f, 1,1,1) = 

_ _i_/ | , ^3 , , yj.9 , i 0^12 , 

(1 - f 3 ) 8 (l + f 3 ) 4 (l + t 6 ) 2 (l + t 3 + t 6 ) 12 ( 1 + t 3 + t 6 + t 9 + t 12 ) K 
33 1 15 + 511 18 + 69f 21 + 93f 24 + 110f 27 + 120f 30 + 110f 33 + palindrome + ... + f 60 ), 

which is the Hilbert series for 50(6) instantons on C 2 /Z 4 with N = (2,1,2) and K = (1,1,1). 

Finally, we summarize in fig |27| the relation between the theory describing VS orthogonal in¬ 
stantons on CP 2 /Z 4 and its cousin on C 2 /Z 4 . 


6.2.5 SO(N ) instantons on CP 2 /Z 4 - NVS 


Let us now consider the second possibility leading to the NVS case. The quiver diagram of the 
corresponding theory is reported in fig 28 while the transformations of the fields and of the F-terms 
are summarized in table 1131 


Fields 

U( 2 fci ) 


U(2ks) 

U(2ki) 

U(Ni) 

U{N 2 ) 

U( 1) 

A 2 n 

[ 1 , 0 ,..., 0] +1 

[0 . 0 , 1] +1 

[ 0 ] 

[0] 

[ 0 ] 

[ 0 ] 

1/2 

Bl 3 

[ 0 ] 

[ 1 , 0 , ..., 0 ]+i 

[ 0 ,..., 0 , 1] + 1 

[0] 

[ 0 ] 

[ 0 ] 

1/4 

^33 

[ 0 ] 

[ 0 ] 

[ 1 , 0 ,..., 0] +1 

[0 . 0 , 1]+1 

[ 0 ] 

[ 0 ] 

1/2 

2 

[ 0 ,..., 0 , 1] + 1 

[ 0 ] 

[ 0 ] 

[ 1,0 . 0 ]+! 

[ 0 ] 

[ 0 ] 

1/4 

^1 

[ 0 , 1 , 0 , ..., 0]2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/4 

^2 

[ 0 ] 

[ 0 , 1 , 0 , ..., 0]+2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/4 

As 

[ 0 ] 

[ 0 ] 

[ 0 , 1 . 0 , ..., 0]2 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/4 

a 4 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 , 1 , 0 , ..., 0]+2 

[ 0 ] 

[ 0 ] 

1/4 

Qi 

[ 0 ] 

[ 1 , 0 ,..., 0] +1 

[ 0 ] 

[ 0 ] 

[0 . 0 , 1] +1 

[ 0 ] 

1/2 

Q2 

[0 . 0 , 1]+1 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 1 . 0 , ..., o] + i 

[ 0 ] 

1/2 

<73 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 1,0 . 0] +1 

[ 0 ] 

[ 0 ,..., 0 , 1] +1 

1/2 

94 

[ 0 ] 

[ 0 ] 

[ 0 ,..., 0 , 1 ]« 

[ 0 ] 

[ 0 ] 

[ 1,0 . 0 ]+! 

1/2 

Fi 

[ 0 ,..., 0 , 1] +1 

[ i . o , .... o ;., 

[ 0 ] 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1 

Fo 

[ 0 ] 

[ 0 ] 

[0 . 0 , 1] + 1 

[ 1 , 0 , ..., 0 ]+i 

[ 0 ] 

[ 0 ] 

1 


Table 13: Transformation of the fields for NVS orthogonal instantons on CP 2 /Z 4 . 


The branch of the moduli space that can be identified with SO(N) instantons on CP 2 /Z 4 is 
the one on which A\ x = 0 and A\ 3 = 0. The Hilbert series of the instanton branch corresponding 
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Figure 27: Relation between the CP 2 /Z 4 quiver gauge theory in the VS case and its relation with 
the corresponding C 2 /Z 4 quiver gauge theory. 



Figure 28: Quiver diagram for NVS orthogonal instantons on CP 2 /Z 4 . 
to the NVS theory with flavor symmetry U(Ni) x U(N 2 ) and gauge ranks k = (fci, k 2 , A 3 , Aq) is 

H[k,F,CP 2 /Z 4 \(t,x 1 y,d) = J dn u(2kl )(z) J d / qy ( 2 fc 2 )( p ) J d / qy ( 2 fc 3 )( w ) x 
J d/r[/(2fc 4 )( v ) x PE[y 9l t 2 +X ?2 t 2 + X q3 P +X g4 t 2 + Xs| 3 ^ + Xa^A 2 + Xa1 3 ^ 2+ 

XbJ 2 * + Xa^ + XA 2 t + +XA 3 t + - Xfi^ 4 - Xf 2 * 4 ] , 
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where z, p, w and v are the fugacities of the U{2k\), U(2k 2 ), t/(2fc 3 ) and P(2fc 4 ) gauge groups 
respectively while y and d denote the fugacities of the U(N 1 ) flavor group and the U(N 2 ) flavor 
group respectively. The contributions of the various fields are given by 

2k 2 Ni 

Xa 3 - Yl<a<b<2k 3 W a W b > XA 4 ~ El<a<&< 2 k 4 VaVb ' Xqi ~ E X 'jPaUi > 

a=l i=l 

2ki 2k A 

Xb\ 2 - E Y VbZ a ! Xa 4 - El<a<()<2lfei Z b ’ XA 2 ~ Yl<a<b<2k 2 P a P b ’ 

a= 1 6=1 

2k± N± 2k A N2 2 /c 3 N2 2ki 2k2 

Xq 2 = E E~aV, Xq 3 = E E V a d f^ X94 = E E XF l = E EPb-a 1 J 

a=li=l a=lj=l a=lj=l a=l 6=1 

2&i 2A?2 2 /c 2 2fc 3 2fc 3 2/C4 2fc 3 2 /c 4 

= E E Z '>Ph l ’ Xb| 3 = E E XA§3 = E E XF 2 = E E ■ 

a= 16=1 a=l6=1 a= 16=1 a=l6=1 

Performing the computation of the Hilbert series with gauge group G = U{2ki) x U(2k 2 ) x 
f/(2£; 3 ) x C/(2fc 4 ) and flavour group U(Ni) x U(N 2 ) we find that it coincides with the Hilbert 
series for SO(N ) instantons on C 2 /Z 4 with gauge group G = U{2K\) x U{2K 2 ) and flavor groups 
U(Ni) x U(N 2 ) (see [28] for more details) with the identification 


A'i = min(fci, k 2 ), K 2 = min(fc 3 , fc 4 ). (82) 

Let us show an explicit example of our claim. 


50(6) instanton: k = (1,1,1,1), and N = (2,1) 


Using eq. (81) and unrefining we obtain 


H [k = (1,1,1,1), 0(2) x P(l), CP 2 /Z 4 ] (t, 1,1,1) = 

__^_/1 j_ o^3 , qj.6 , 22t 9 + 

(1 - 0)8(1 + 0)6(1 + 0)3(1 + O + 0)3(1 + 0 + 0 + 0 + O 2 ) 2 v 
+ 54t 12 + 114t 15 + 219t 18 + 371t 21 + 582t 24 + 82 7t 27 + 1092t 30 + 13231 33 + 1493t 36 + 

+ 1548L 39 + 1493L 42 + palindrome + t 72 ), 


which is the Hilbert series for 50(6) instantons on C 2 /Z 4 with N = (2,1) and K = (1,1). 


Finally, we graphically summarize the relation between the theory describing the NVS orthog¬ 
onal instantons on CP 2 /Z 4 and its cousin on C 2 /Z 4 in fig. 


6.2.6 SO(N ) instantons on CP 2 /Z„ with n > 4 

Let us now consider the generic case of instantons on Z n orbifolds of CP 2 with n > 4. Based on 
the previous examples above, we can extract the generic pattern of both the quiver as well as the 
relation between the orthogonal instanton on CP 2 /Z n with its relative on C 2 /Z n . 

Recall that N is the sum of the ranks of the flavor groups in the ADHM quiver, while the 
ranks of the gauge groups is related to instanton number and, together with the relative flavor 
ranks, to other possible quantum numbers labelling the instanton. Unfortunately also in this case 
the precise identification between quiver data and instanton data is not know. 

SO(N ) instantons on CP 2 /Z 2n+1 
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Figure 29: Relation between the CP 2 /Z 4 quiver gauge theory in the NVS case and the correspond¬ 
ing C 2 /Z 4 quiver gauge theory. Where Di,.D 2 are two fields in the antisymmetric representation 
of the gauge group t/(2A'i), while Li, A 2 are two fields in the antisymmetric representation of the 
gauge group C/(2A' 2 ). 


Elaborating on the previous examples, we conjecture that the theory describing orthogonal in- 
stantons on CP 2 /Z 2n+ i is related to its counterpart on C 2 /Z 2n+ i as in fig 34 Moreover, the gauge 
ranks are related by 

A'i = fci, K -2 = min(fc 2 , k :i ), K 3 = min(fc 4 , k 5 ), ... K n+1 = min(fc 2n , k 2n +i) ■ (83) 

SO(N ) instantons on CP 2 /Z 2n - VS 

In this case, based on the lowest n examples, the relation between the theory describing VS 
instantons on CP 2 /Z 2n and their VS counterparts on C 2 /Z 2 „ is summarized in fig 35 In addition, 
we find the gauge rank identification 


Ki = ki, K 2 = min(fc 2 , fc 3 ), ... A'„_i = min(fc 2n _ 2 , fc 2n _i), K n = k 2n ■ 
SO{N) instantons on CP 2 /Z 2n - NVS 


(84) 


Elaborating on the previous examples, we conjecture that the theory describing NVS orthog¬ 
onal instantons on CP 2 /Z 2n+4 is related to its NVS counterpart on C 2 /Z 2n+4 as in fig 36 
addition, the gauge rank assignation is 


In 


A'i = min(fci, fc 2 ), I< 2 = min(fc 3 , fc 4 ), ... K n = min(fc 2n _i, k 2n ) ■ (85) 


Note that, as in the symplectic case, the “merging nodes” are those going over to unitary nodes in 
the parent C 2 /Z„ theory. It would be very interesting to deeper understand this feature, as well 
as the topological data classifying orthogonal instantons. 
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7 Conclusions 


In this paper we have analyzed several aspects of the moduli space of instantons on CP 2 . Since 
CP 2 is a Kahler manifold, its Kahler form naturally induces an orientation which, in particular, 
intrinsically distinguishes ASD and SD 2-forms. This is very relevant for the construction of gauge 
bundles whose curvature has definite duality properties, as such construction will be different 
depending on whether we are interested in the SD or ASD case. In this paper we have been 
interested on SD connections. In turn, these are the ones which admit an ADHM-like construction 
recently embedded into a 3d M = 2 gauge theory arising from a brane construction in m- 

Since CP 2 is a topologically non-trivial manifold, the gauge bundles of interest are classified 
by more than simply the instanton number. Indeed, they admit a non-zero first Chern class. 
As a consequence, the moduli space of instantons on CP 2 typically has compact submanifolds 
associated to these extra directions. In turn, the Hilbert series of the moduli space - that is, 
the generating function of holomorphic functions on the instanton moduli space or, equivalently, 
the generating function of gauge-invariant operators in the ADHM description of the instanton 
moduli space-, which coincides with the Nekrasov instanton partition function and it’s therefore 
a very interesting quantity; is not sensible to these compact directions. Hence, in retrospect, it is 
natural to expect that it would coincide with the Hilbert series for a parent instanton on C 2 , as it 
was explicitly shown in |14j . In this paper we have provided evidence of this picture by probing 
the compact directions in a slightly indirect way. Focusing on the simplest case admitting such 
directions, and following [SO], we considered the master space of the gauge theory describing these 
instantons. This amounts to ungauging a U( 1), which allows to construct extra gauge-invariants 
otherwise not present. These precisely reproduce a moduli space which is a complex cone over 
the non-compact directions. By using this strategy we have been able to understand the extra 
directions in the unitary and orthogonal cases. In turn, the case of symplectic instantons does 
not admit a similar construction, consistent with the observation in that it does not seem 
to involve quantum numbers other than the instanton number. Note however that we explicitly 
checked this picture for the lowest instanton numbers. It would be worth exploring this further to 
all instanton numbers, including studying the geometry of the moduli space with extra directions, 
which is not simply a direct product of the non-compact times the compact directions (this can 
be checked already in the simplest cases by studying the relations among operators in the moduli 
space). 

The case of unitary instantons is particularly interesting, as its AHDM construction is in terms 
of the gauge theory dual to M2 branes probing a certain CY 4 cone [25]. Hence, it is natural to 
guess that, at least partially, the instanton moduli space can be read from the AdS/CFT duality. 
Typically, fundamental degrees of freedom -that is, open string-like- are not captured by the 
geometry alone in AdS/CFT. Hence, it is natural to expect that the backgrounds in [25] can only 
capture the part of the instanton moduli space which does not involve fundamental fields. We 
have explicitly checked this proposal, finding a complete agreement between field theory results 
and gravity computations. Turning things around, we can think of our results as a non-trivial 
check of the proposed AdS^/CFT 3 duality in [25], where we explicitly match charges in field theory 
with geometrical data in AdS. 

The ambient manifold where our instantons live is CP 2 , which is in particular a toric man¬ 
ifold. Being acted by a T 2 , it is natural to consider quotienting by a discrete subgroup -that 
is, orbifolding-. In turn, by means of the standard methods we can orbifold the CP 2 ADHM 
construction as a field theory to find the ADHM construction of instantons on CP 2 /Z„. This way 
we have constructed the ADHM construction for unitary, symplectic and orthogonal instantons 
on CP 2 /Z„. Note that the orbifolded space has a non-trivial topology containing 2-cycles of a 
somewhat different origin. On one hand we originally had a 2-cycle in the CP 2 which gets mir¬ 
rored by the orbifold. On the other hand, the orbifold introduces extra (vanishing) 2-cycles at 
the orbifold fixed point. It is natural to expect that the cycles originating from the original one 
in CP 2 are invisible to the Hilbert series just as the original one was- while the others, intro¬ 
duced by the orbifold, are indeed visible. In fact, it is natural to guess that the Hilbert series for 
instantons on CP 2 /Z„ coincides with the Hilbert series of a parent instanton on C 2 /Z„ just as in 
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the unorbifolded case. Note that, consistently, the Hilbert series of instantons on C 2 /Z„ is indeed 
sensible to the 2-cycles associated to the orbifold fixed point [55J. [Z] In this paper we have indeed 
confirmed this picture, in particular by explicitly showing the matching of the CP 2 /Z n Hilbert 
series with that of a parent C 2 /Z„ one. As shown in the text, the process suggests a certain 
“folding” of the CP 2 /Z n quiver by “node merging” into that of C 2 /Z„. In fact, since at least 
for unitary instantons on C 2 /Z n the matching between quiver data and instanton data is known, 
this naturally suggests, at least partially, an identification of the quiver data with the instanton 
data in the CP 2 /Z n case. Unfortunately, the full identification with the ADHM quiver data of 
the relevant quantum numbers specifying instantons on the orbifolded CP 2 space is not known. 
Nevertheless we have provided -at least for the case of unitary instantons- certain conjectures 
based on the mapping into C 2 /Z„. As a check, the expected compact directions can be recovered 
upon appropriate ungaugings of t/(l)’s. Of course, a more comprehensive study of these aspects 
would be very interesting. 

A Hybrid configuration (an example) 

In this appendix we study an example of hybrid configuration, making the following choice for the 
charges of the orientifolds plane in fig{To] (I, II,III, IV) = ( + The corresponding quiver 

is reported in fig|30| while the transformations of the fields are summarized in table [TT[ 



Si A 2 


Figure 30: Quiver diagram for instantons of the hybrid configuration on CP 2 /Z 2 . 

The Hilbert series of the hybrid configuration is given by 

H[k,F,CP 2 /Z 2 \(t,a,s,y)= f dti u(kl) (z) f d/j, u(k2) (p)x 

J J ( 86 ) 

PE [XsJ + XS 2 t + XA 1 t + XA 2 t + XA\t 2 + XQt 2 + Xqt 2 - XFt 4 ] , 

where z and p are the fugacities of the U{k\) and U{k 2 ) gauge groups respectively, y denote the 
fugacity of the U(N) flavor group, s denote the fugacity of the global P(l) s symmetry acting Si 
and S 2 , while a denote the fugacity of the global U( l) a symmetry acting on A\ and A 2 . The 
contribution of each field is given by 

ki &2 N ki N &2 ki &2 

XAf, = Z E ^Pb 1 . XQ = E Z Xq = Z YtPbVj 1 ’ XF = Z Z Z ~aPb ■ 

a= 1 b =1 i= 1 a =1 j= 1 b =1 a= 16=1 

10 Strictly speaking, this applies to unitary instantons. The case of orthogonal and symplectic instantons is more 
involved, as the ADHM construction does not allow for enough FI parameters so as to blow-up all cycles (see m 
for related discussions). 
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Fields 

U{k i ) 

U { k 2 ) 

U(N) 

U { 1 ), 

U ( 1 )„ 

U( 1 ) 

St 

[ 2 , 0 , 0] 2 

[ 0 ] 

[ 0 ] 

1 /s 

[ 0 ] 

1/4 

s 2 

[ 0 ] 

[ 2-0 . 01. 2 

[ 0 ] 

s 

[ 0 ] 

1/4 

A , 

[ 0 , 1 , 0 ..., 0 ] ! 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1 /a 

1/4 

■ A -2 

[ 0 ] 

[ 0 , 1 , 0 ,..., 0] +1 

[ 0 ] 

[ 0 ] 

a 

1/4 

A 2 

[ 1 , 0 ,.., 0] + 1 

[ 0 , 0 ,..., 1] + 1 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1/2 

q 

[ 0 ] 

[ 1 , 0 ,..., 0] + 1 

[ 0 ,..., 0 , 1] + 1 

[ 0 ] 

[ 0 ] 

1/2 

Q 

[ 0 ,..., 0 , 1] +1 

[ 0 ] 

[ 1 , o , o] +1 

[ 0 ] 

[ 0 ] 

1/2 

F 

[ 0 ,..., 0 , 1] +1 

[ 1 , 0 ,..., 0] +1 

[ 0 ] 

[ 0 ] 

[ 0 ] 

1 


Table 14: Transformations of the fields for instantons of the hybrid configuration on CP 2 /Z 2 . 


Xs 2 S X!l <a<b<k 2 P a P b ' X §1 Sl<a<6<fei Z a Z >> > ^2 a Yh<a<b<k 2 P a P b ’ X-Ai El<o<(i<)ci ‘ 

In this case, by explicit computation of the Hilbert series for the hybrid configuration with 
gauge group G = U(k\) x U(k 2 ) and flavor group U(N) we find it to be equal to the Hilbert series 
for the SA hybrid configuration on C 2 /Z 2 with gauge group G = U(Ki) (see [2B] for more details). 

The two theories share the same flavor group and the gauge groups are related in the following 
way 

Ki = min(A;i, k 2 ) . (87) 

Let us explicitly show a few examples supporting our claim 

k = (1,1), and TV = 1 

Using eq.( | 86 [ ) and unrefining we find that 

P[k=(l,l),[/(1),CP 2 /Z 2 ](f,l,l) = 


1 -t 


18 


(l-f 6 )(l-f 9 ) 2 ’ 

which is the Hilbert series for the SA hybrid configuration on C 2 /Z 2 with TV = 1 and K\ - 1. 

k = (1,1), and TV = 2 

Using eq.( |86[ ) and unrefining we find that 

i + + At 9 + o t 12 + t ls 

H [k = (1,D, M) = (1 .„ )<(lt2 „ t2i , + „ )a ■ 

which is the Hilbert series for the SA hybrid configuration on C 2 /Z 2 with TV = 2 and K\ - 1. 

k = (1,2), and TV = 2 

Using eq.( |86[ ) and unrefining we find that 

i + 9 t e + 4 f 9 + 9 1 12 + t ls 

H[k = (1,2), [/(2),CP 2 /Z,](t, 1,1)° (1 _ , 3)4(1 , 2 ,3, 216 , t9)a , 

which is again the Hilbert series for the SA hybrid configuration on C 2 /Z 2 with TV = 2 and Ki = 1. 
k = (1,1), and TV = 3 


56 



















Using eq. (86) and unrefining we find that 


P[k=(l,l),P(3),CP 2 /Z 2 ](T,l,l) = 


1 + t 3 + 6 t 6 + 15 1 9 + 211 12 + 18T 15 + 21t 18 + 15f 21 + 6T 24 + t 27 + t 30 


(l-f 3 ) 6 (l + P) 4 (l + f 3 + f 6 ) 3 
which is the Hilbert series for the SA hybrid configuration on C 2 /Z 2 with TV = 3 and K\ = 1. 
k = (1,2), and TV = 3 
Using eq.( |86[ ) and unrefining we find that 

rm , wr , n ,„ n 2 B1 , , x 1 + t 3 + 6i 6 + 15f 9 + 21f 12 + 18f 15 + 21i 18 + 15t 21 + 6t 24 + t 27 + T 30 

= (i, i), i/(3),cpyz 2 ] (t , i, i) -- + - 

which is again the Hilbert series for the SA hybrid configuration on C 2 /Z 2 with TV = 3 and K\ = 1. 


k = (1,1), and TV = 4 

Using eq.( |86[ ) and unrefining we find that 

H[ k=(l,l),t/(4),CP 2 /Z 2 ](t,l,l) = 

_ 1 + 2 1 3 + 13 1 6 + 40T 9 + 86t 12 + 132t 15 + 194f 18 + 220T 21 + 194i 24 + palindrome + t 42 
' (l-f 3 ) 8 (l + f 3 ) 6 (l + P+f 6 ) 4 ’ 

which is the Hilbert series for the 5T4 hybrid configuration on C 2 /Z 2 with TV = 4 and K\ = 1. 


k = (2,2), and TV = 1 
Using eq.( |86[ ) and unrefining we find that 

H[k= (2,2), C/(1),CP 2 /Z 2 ](f, 1,1,1) = 


1 - t 3 + 2f 9 - f 15 + t 18 


(1 - i 3 )4( 1 + P) 2 ( 1 + t 3 + t e + t 9 + t 12 ) ’ 
which is the Hilbert series for the SA hybrid configuration on C 2 /Z 2 with TV = 1 and K\ = 2. 


B Quivers and relations for Sp(N) and SO(N) instantons 
on CP 2 /Z n with n > 4 

In this appendix we collect the quiver diagrams for Sp(N ) and SO(N ) instantons on CP 2 /Z n 
(with n > 4) showing their relations with the corresponding quiver diagrams of the corresponding 
C 2 /Z„ theory. 
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Figure 31: Relation between the quiver diagram for Sp(N ) instantons on CP 2 /Z 2ra+ i (on the left) 
and the quiver diagram for Sp(N ) instantons on C 2 /Z 2r! , + i (on the right). Where D\ and Z) 2 are 
two fields in the symmetric representation of the gauge group U(K n+ 1 ). 
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Figure 32: Relation between the quiver diagram for VS Sp(N) instantons on CP 2 /Z 2 n (on the 
left) and the quiver diagram for VS Sp(N ) instantons on C 2 /Z 2n (on the right). 
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Figure 33: Relation between the quiver diagram for NVS Sp(N) instantons on CP 2 /Z 2n 
left) and the quiver diagram for NVS Sp(N) instantons on C 2 /Z 2n (on the right). Where 
D -2 are two fields in the symmetric representation of the gauge group U{Ki), while D 3 
are two fields in the symmetric representation of the gauge group U(K n ). 
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Figure 34: Relation between the quiver diagram for SO(N) instantons on CP 2 /Z 2n+ i (on the left) 
and the quiver diagram for SO(N ) instantons on C 2 /Z 2n+ i (on the right). Where L\ and L 2 are 
two fields in the antisymmetric representation of the gauge group U(2K n+ i). 
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Figure 35: Relation between the quiver diagram for VS SO(N) instantons on CP 2 /Z 2 „ (on the 
left) and the quiver diagram for VS SO(N ) instantons on C 2 /Z 2 n (on the right). 
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Figure 36: Relation between the quiver diagram for NVS SO(N ) instantons on CP 2 /Z 2n (on the 
left) and the quiver diagram for NVS SO(N ) instantons on C 2 /Z 2n (on the right). Where L\ and 
L 2 are two fields in the antisymmetric representation of the gauge group U(2I \\), while L 3 and 
L 4 are two fields in the antisymmetric representation of the gauge group U(2K n ). 
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